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The algebraic formalism of QCD is expounded in order to demonstrate the resolution of Gauf3
constraints on the quantum level. In the algebraic approach energy eigenstates of QCD in temporal
gauge are represented in an algebraic GNS-basis. The corresponding Hilbert space is mapped into
a functional space of generating functional states. The image of the QCD-Heisenberg dynamics
becomes a functional energy equation for these states. In the same manner the Gauf3 constraints are
mapped into functional space. In functional space the Gauf} constraints can be exactly resolved.
The resolutions are defined by nonperturbative recurrence relations. The longitudinal color electric
energy can be expressed by means of these resolvents, which leads to “dressed” color Coulomb
forces in temporal gauge. Although present in the system, the longitudinal vector potentials do
not affect its energy eigenvalues. This leads to a selfconsistent subsystem within the functional
energy equation in temporal gauge which has to be identified with a functional energy equation
in Coulomb gauge. In addition this procedure implies a clear conception for the incorporation of
various algebraic representations into the formal Heisenberg dynamics and establishes the algebraic
“Schrodinger” equation for QCD in functional space.

PACS 11.10: Quantum field theory; PACS 12.35C: Quantum chromodynamics.

1. Introduction and Poincaré transformations [5] - [8]. In the pertur-

bative range renormalizability is also secured [1], [9],

One of the outstanding and unsolved problems of  [10].

quantum chromodynamics is the investigation of its Guided by the example of quantum electrodynam-
low energy sector, although numerous papers about jcs the most popular approach consists in the elimina-
this topic have been published. In this sector mesons  tjon of redundant variables at the classical level. This
and nucleons are formed and this formation should s achieved by the introduction of gauge invariant vari-
be governed and explained by the effective forces ables, which are non-cartesian field “coordinates”, or
arising from an appropriate evaluation of quantum  equivalently by direct solution of the constraints [6],
chromodynamics. In gauge theories redundant vari-  [11]-[19]. Apart from observations that this proce-
ables occur in various gauges, and the derivation of  qure is not consistent with direct canonical quanti-
effective forces in such theories is closely connected  zation [20] the preconditions for the success of this
with the elimination of these redundant variables, as procedure are very restrictive already at the classical
is demonstrated by the example of quantum electro-  Jeve] [6], [13]. For canonical quantization a resolution
dynamics. In order to maintain manifest covariance,  of the constraints on the operator level was performed
covariant gauges cannot do without redundant vari-  jn axial gauge [21]-[23]. Frequently loop variables
ables and thus they are not suited for the evaluation of  ,pe proposed. But loop variables can only be exactly
effective forces. Hence non-covariant gauges have to  evaluated for quantum Maxwell fields [24]. In addi-
be applied. Non-covariant gauges were increasingly tion, inconsistencies have been discovered [25]. Apart
treated in the literature. For reviews see [1]-[4]. Al-  from path integral manipulations which stem from the
though these gauges are not manifestly covariant it cjassical treatment and suffer from the same draw-
can be shown that they can be correctly Poincaré  packs, Schrodinger equations for the gauge fields are
transformed by a mixture of gauge transformations  ysed [26] - [34]. But Schrodinger equations for fields
suffer from the ill defined representation problem.
Reprint requests to Prof. H. Stumpf. Hence, with respect to these various drawbacks we
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do not follow any of these approaches in this pa-
per. Rather, in treating this problem we try to estab-
lish an algebraic formalism for canonically quantized
gauge fields, which is in accordance with the prin-
ciple of algebraic representation theory. In order to
avoid any difficulty with non-cartesian coordinates
we use a strictly cartesian coordinate version of chro-
modynamics, which imperatively leads to the use of
temporal gauge. The general algebraic formalism for
quantum gauge fields was developed for the example
of quantum electrodynamics in a foregoing paper [35]
which we denote here by I. In the following we con-
centrate on the peculiarities of the nonabelian case.

In T we demonstrated that the evaluation of the
Coulomb forces in quantum electrodynamics can be
achieved without Coulomb gauge fixing if one starts
with temporal gauge fixing conditions and residual
gauge invariance constraints, and afterwards evalu-
ates Coulomb forces by suitable transformations. In
this way the Coulomb gauge is circumvented, but nev-
ertheless the Coulomb forces are explicitly derived. In
nonabelian theories temporal gauge fixing conditions
can be exactly fulfilled [36]. It is the aim of this pa-
per to show that also the invariance conditions against
residual gauge transformation can be exactly resolved
on the quantum level. As a consequence one then
obtains explicit expressions for the effective “color”
Coulomb forces in temporal gauge. In this way the
“Coulomb” gauge is established on the quantum level,
which on the classical level cannot be exactly calcu-
lated. This is a hint that the constraint problem in
quantum theory is of another quality than in classical
theory. In the literature so far this fact was failed to
see, as neither by use of operator calculations nor by
use of path integrals this difference between classical
and quantum theories can be discovered. Both these
approaches have too much affinities to the classical
theory in leaving the representation problem out of
consideration. In the present investigation the repre-
sentation problem is taken into account by working
with algebraic states or related quantities. In so doing
we develop a method of treating the quantization of
abelian and nonabelian gauge theories which, apart
from the problem of existence for the whole theory,
is completely exact, i.e., without any approximation.

With respect to a more detailed explanation and
motivation for the algebraic method pursuit in this
paper we refer to the introduction of the paper on
quantum electrodynamics where these topics are ex-
tensively discussed.
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2. Classical nonabelian gauge theory

We proceed in complete analogy to QED. We adopt
the metric g, = diag(l,—1,—1,—1) withz* = (¢, r)
and A* = (A% A,)in accordance with I. We take into
account the coupling of the nonabelian gauge field to
fermions. The Lagrangian of this system reads

1 -

L= —ZF;’,,F;“’ + Y@y D, — mp (1)
with

F2, =0,A% — 0,A% — gf**Ab A )

The canonical conjugate momenta are
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T T e == E k=125 6
3L
a4 — _—ar —U; 4
"o 5047 " @

We formulate the field equations resulting from the
Lagrangian formalism in terms of canonically conju-
gate variables. In this form the classical field equa-
tions are

atEa =
0:A,

v X Ba + gfabc(AgEc +Ab X Bc) -jaa (5)
—~E, — VAL — gf.Ap AL,

The constraints are
v 'Ea+gfabcAb 'Ec =j27 (6)
1
Ba =V x Aa + ngabc(Ab X Ac)

with

Jy = @Wy* Loy, (7)

and the fermion equations are

("9, +iv"igAL L, — myy
i(d, + igAg‘La){bv“ +ma

0. ®)
0.

The notation is standard and can be found elsewhere
[36].
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In temporal gauge A% = 0 and with use of super-
spinors these equations go over into

Ea. = V X Ba + gfabc(Ab X Bc) ‘_jaﬁ

Aa = _Eaa (9)

W = —(ia*d, — Bm — g'yov‘kAZLachw. (10)
If we observe that F'¥ = —¢'*J BJ | equations (9) can

be rewritten as

Aa = —Eaa
E. = —(0k8uc + gfabc AF)FF — ji (11)
= (akaac + gfabcA]I:)

(Ok AL — ;AL + gfer e AN AL) — i

The Hamiltonian belonging to this system is given
by

1
5 /d%« [E¢E} + By By (12)

+/d3er+<;6-D+mB) v

if formulated in terms of conjugate variables. In this
case H shows a dependence on A" for A° # 0, but it
can be demonstrated that the A’ = 0 gauge is possible
[36]. If one tries to derive the field equations by the
canonical Hamilton formalism one obtains only equa-
tions (9), (10), but not the Gaul} law (6). As in QED,
this is caused by the fact that the Hamiltonian (12)
still admits residual gauge transformations [36] with
w=uw(r) € C0°°(IR3 ). These gauge transformations
are given by

LAl = SUWLAU@  (3)
- 3 [0 U] U™ (),

L.E¢ = UwL.ERU™ (W), (14)

') = eMJ{—%Law“}u(ﬂ (15)

= U(w)(r).

and leave (12) invariant. As will be discussed in more
detail in section 3 the GauB law is the infinitesimal
generator of the residual gauge transformations (14),
(14), (16) of homotopy class zero [36]. In order to fur-
ther investigate its meaning we decompose the fields
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into transversal and longitudinal parts

AZ=A?,k+A?,k : E,‘j:Eﬁk+E§,k. (16)
We observe that for the transversal fields the relations
V -E{ =V - A} =0 hold, and from these relations it
follows

V -Ef +gfucA” - E° = jO. (17)
The corresponding Hamilton operator can be written
as

H =

1
s /d3r [Ef B¢, + BB (18)

1
5 / &*rE; Ef
1
+/d3rdv+(f&'-v+'mﬂ)z/)
1

- % /d3rgd1+& L, (A? +A3) 9.
It was demonstrated in I that by suitable gauge trans-
formation for abelian theories, i.e. quantum electrody-
namics, this Hamiltonian can be transformed into the
Coulomb gauge Hamiltonian. In this way the Gaul}
constraint can be resolved on the classical level and
the redundant variables can be eliminated. If one tries
to extend this method to nonabelian theories one gets
into difficulties. For brevity we give only the result
of the corresponding nonabelian gauge transforma-
tions. By means of these transformations for ¢ = 0 the
Hamiltonian (18) goes over into

H = l/d3r[E?~E?+B“-B“]/A;»EO

5 (19)

1 g a !
b= / J&r,0)C(r — r)Jg ' ,0)d*rd*r A0

1 1
+/d3mp+ (-@ V4mpB+7gaL, .Ag) ¥
3

with C(r) := |r|~'. Hence by the second term the
Coulomb forces explicitly appear in the theory. It
should be emphasized, however, that the appearance
of Coulomb forces in the nonabelian theory only for-
mally establishes an analogy to quantum electrody-
namics. Namely in contrast to quantum electrody-
namics the nonabelian charge densities J§ (r, 0) them-
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selves contain the longitudinal fields, since in tempo-
ral gauge J§(r,0) is given by

J(()z = _gfabcAbkaOAi + gQZ’La'YOL/"
gfabcAbkEli + g¥ Loy

(20)

Therefore, apart from the explicit manifestation of
the Coulomb forces, for the explicit solution of the
classical theory nothing is gained, i.e. it is not possible
to remove the superfluous variables from the theory.

It would be a real progress if one were able to
resolve the nonlinear Gauf} law (17) with respect to
the longitudinal electric field Ej. But it is supposed
that even if one succeeds to do so this would lead to
chaos in the classical theory [37]. It is the aim of this
paper to demonstrate that these difficulties can only be
circumvented by an appropriate algebraic treatment of
the corresponding quantized theory.

3. Nonabelian field quantization

In analogy to the abelian case we start with the
temporal gauge A§ = 0. The commutation relations
of the nonabelian fields are then given by

A2, 0, BE )] = =i80ar B S0r — 1) 21)
while for the fermion fields we stipulate

[vaar b w20, (22)

= (C’YO)QQIULA'S(’. - rl)a[)’ﬁlﬂ

where the indices 3 and ', respectively, refer to the
fermion nonabelian representation. All other commu-
tation or anticommutation relations vanish. Like in
quantum electrodynamics it is our aim to incorpo-
rate the nonabelian Gauf} law (6) into the dynamics.
But as we shall see, it is not possible to achieve this
incorporation by a gauge transformation. Neverthe-
less, the gauge transformations are a valuable tool for
analyzing the nonabelian theory.

We consider residual gauge transformations of ho-
motopy class zero of the nonabelian field in the linear
state space of the theory to be given by U = UgUg
with

Up :=exp {_i/wa(r)ra(AvE)d:;T} (23)
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with

Fa(Av E) = (Vaac + gfabcAb)Ec (24)

and

(25)

Ug :=exp {i /wa(r)jg(r)d37”} )

where j,(r) is defined by (7). Homotopy classes un-
equal zero are omitted, as corresponding theta-angles
unequal zero are not allowed to appear [38].

If gauge transformations are to be implementedin a
linear space, they are to be subjected to the correspon-
dence principle as any other transformation. That this
principle is satisfied can be seen by direct calculation.
One obtains with (23) - (25)

1 1
-LA® = ~UL,AU""
2 2

= %U(w)LaA“U“'(w)
- é [VUW)I U™ (W),

(26)

UL,E‘U' = UW)LE*U"(w),(27)
UpU™" = Uw)b(r). (28)

LE*°
Y'(r)
Due to these formulas one can directly verify the

gauge invariance of H against the residual gauge
transformations U = UgUFp, i.e. we have

H =UHU'=H (29)
or [H,U]_ = 0. Thus H and U must have common
eigenstates.

However, as finite transformations U explicitly de-
pend on the gauge functions w, (r), they are not suited
for the definition and calculation of common eigen-
states. This problem is solved by considering only
infinitesimal transformations which can be character-
ized by infinitesimal generators. For U = Ug Uf these
generators are given by

Go(r,t) :=T,(A,E) — j°(r, 1) (30)
and it follows from (29) that also
[H,G,(r,t]_=0, a=1...8 (31)
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must hold. Hence instead of U the set {G,}, a =
| SR 8 can be used to characterize the eigenstates of
the theory.

These generators fullfill the commutation relations
(361, [22]

—i fabeGe(r, H)8(r — ') (32)
0. (33)

[Ga(r, 1), Go(r . )] _
[Ga(r. ), H]_

This means that not all generators can simultaneously
be diagonalized. Rather only a maximal set of com-
muting generators have simultaneous eigenstates and
good quantum numbers, and these states and quan-
tum numbers are compatible with the eigenstates of
H, as all generators commute with H. But due to the
invariance of H against all gauge transformations, all
these transformations are compatible with the dynam-
ics even if they do not possess common eigenstates.
In addition, due to the gauge principle, for a subset
of eigenstates one can indeed obtain common eigen-
states for all generators, as can be concluded from the
following argument.

According to the gauge principle all observable
quantities have to be gauge invariant. If one extends
this condition to the state space of a quantum theory,
the states |a) must be invariant under gauge trans-
formations, i.e., among all possible representations
of the gauge group only singlett states are physically
meaningful.

A singlett state is invariant under all group opera-
tions. This can be expressed by

G.(r,t)|a)sng. =0, a=1,...,8 (34)
and means that in this special case the set of equations
is compatible.

For the successful application of the algebraic for-
malism the gauge transformations U = UgUf have
to be further specified. In particular the gauge trans-
formations have to be represented by unitary group
operations [39]. The unitary implementation of U is
guaranteed if the infinitesimal generators are hermi-
tian operators. The latter property can be achieved by
a suitable representation of the field operators which
itself guarantees the hermiticity of these operators.
This hermitian representation of field operators is well
known from quantum electrodynamics and holds be-
yond perturbation theory. It can be transferred to non-
abelian fields without essential modification. Hence
for the following we assume the field operators in
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G,(r.t) to be hermitian operators with the conse-
quence that the G, (r, t) themselves become hermitian
operators and U becomes unitarily implemented.

4. Nonabelian quantum field dynamics

For a more detailed discussion of the algebraic ap-
proach we refer to I and [40]. Here we repeat only
some essentials.

The basis of the algebraic evaluation of quantum
field dynamics is given by the Heisenberg relation for
eigenstates (0| and |a) of H

AE(0[0la) = (0][0, H]_a), (35)

where O is any element of the field operator algebra.
This relation is only applicable to the genuine dynam-
ical equations, but not to the constraints. In particular
if we work in temporal gauge with the Gauf} law as
constraint, we have to show that neverthless the Gaul}
law can be included into this formalism.

Following previous investigations the algebra ele-
ments O can be chosen as monomials of field opera-
tors in order to describe the dynamics of the quantized
fields. In our case these monomials are given by

d‘l,,)t S (Bx, ~~~BK,,,)t y
n,m=0,1,...00,

O:=A(yy ... (36)

where 1; are superspinors and By are superfields,
Y = {Y,¢¥°}, B :={A% E"}. The monomials (36)
serve as algebraic basis elements for the construction
of the GNS-basis states, and the projections of the
basis states on a physical state vector |a) are integrated
into a generating functional state. This functional state
is defined by

. 97

oo
1

GG, b)) = ——(0|A (vr, ... ¥y,

n!'m!

(37

-S (B[\'I - BK”,) |a)j1| . 'jI,,bK| v oo bK,,, |O>F7

where j; and by are the functional source operators
for fermions or bosons, respectively.

In this formal description the field equations (9),
(10) and (11) read

Diptp + Wh Bry
K\ K,
LKK’ B[(f L o "\[I\'I "BI\'| BK:
r KK K- K
+Vi 'V By, Br,Bg, + Jipbrr

(38)
(39

Wy
iBx =
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and the Hamiltonian (12) is given by

1 1 .
H = §A1,1D113 VYr, + 5‘41,1”'11}23;\"1»’31.11’12
1
+ ECK,I\’LKKZBKIBKQ
1 Ky
+ gci\’ll\'M}I\\’j\'BK,BKzBKg (40)
1 55 7
+ ZCK[KV,?”"’“BK, Bk, Bk, Bk,
where we applied the following definitions
Dip = —(id*ox —pm)__, 41)
g S 8aadr—r,
WII}/ = gaia/ J:);\A” (La) ,\A/’A,\I/ (42)
- 81,0(r — r)3(r — 2),
Lk = 18;j1844:8,182,8(z —2') (43)
+i8jj18aaf5n28]nlAsz8(z
MER = _ig [snzalm S, (44)

: {fﬂalazsjjzs(z Z7)az]6(z
* 2faa,a38jj3 3z -z )az &z -

_faalalajIjza(z_zl)a?a(z —ZZ)}:| )
sym(1,2)
Vlf" K2 Ks

= |:i92827181malngalmfaalbfbaza; (45)

- 8,72055,92 — 21)8(z — 22)8(z — 23)] ,

sym(1,2,3)

T = =20 R L)y (46)
-8z — Nd(z — r')dy,
(L.) A= Sx1(La)aadin+8x2(Ly) , 4, 820(47)
Arp = (CF°),, oandr —r)Baa,  (48)
Ckkr = —8;50%,8.082 —2') (49)
and where the indices I and K mean
I=ra,\A; K:=2zj,a,m (50)

with r = position, a = spinor index, A = superspinor
index, A = 1 = spinor, A = 2 = charge conjugated
spinor, and z = position, j = vector index, A,a =
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nonabelian group index, 7 = 1 = vector potential, n =
2 = color electric field.

In this form, by means of (35), (36), (37) the field
equations (38), (39) can be mapped into functional
space. We employ two theorems describing the rear-
rangement of unsymmetrical monomials of field oper-
ators into series of symmetrical monomials for boson
operators and antisymmetrical ones for fermion oper-
ators and which are expressed in terms of generating
functional states. These theorems are formulated in I
and we do not explicitly repeat them, rather we refer
to I and the proofs given in the papers cited there.

These theorems directly allow the mapping of (35)
for all monomials O into functionals space. In so
doing we obtain for any (0|(OH)|a) and (0|(HO)|a)
a projection and if the set of O is complete this is
equivalent to the functional equation

{H (%a”

(L aicn o v iaf) Vg -
H (ia +2Cb, Z_a +2AJ>}|Q)—AEIQ),

N D A
— ~-Cb,-3" —-A 51
5 ,18 2]) (51)

where H = H(B, v) in accordance with (40).

This kind of transformation of Hilbert space equa-
tions into functional equations can be equally well
applied to the GauB constraint (6).

In our formal description the classical nonabelian
GauB} law reads

GY(B,v) = NEBk+Sk k,BkBk, (52)
+ Rﬁlzwflwfz =0
with
N, = 8aa, 8,205, 80 —r1) (53)
S}’;’x}\’g i —g faa|a28_j]j28(r _— I‘[)
- 8(r — r2)67l1 181722 s
sym(K K>)
.g ~
Rﬁlz = ZE(C'YO)maZUi],\Z(La):?:zZ

. 8(" = rl)ﬁ(r - 7'2).

In quantum chromodynamics the GauB3 law is weakly
implemented by GL(B,)|a) = 0 for all physical
states |a) in accordance with Equations (34).
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In the algebraic version this weak condition is pro-
jected on the GNS-basis states, which leads to the set
of equations ,

(0|A@y, ... ¥1,)S(B, - .. Bk, )GH(B, ¥)|a) =

(54)

forn,m=0,1...00

For these projections the following theorem holds:

Proposition 1: For unitary gauge transformations U
and gauge invariant states |a) the images of the Gaul3
constraints (34) in the functional space are given by
the equations

1 ) 1 1
L{Zab_ Yop 23F _ 2 as —
G <ia 2Cb,i8 2A]) |G) =0,V L, (55)
and
(g _ioy Ly i) .
(S|G -0 Cb, -0 Aj) =0, (56)
l 2 i 2

where (S| is the functional left solution

oo

(SG.ba) =5

n,m

'TL ‘n’l
_v—'v

2o g KN v vioe Bit)

nm

#0109, ... 0%, 97 ...97  (57)

and |G) is defined by (37).

Proof: With definition (36) we use the symbolic no-
tation |ey) := O} |0) for the GNS-states in Hilbert
space. Then the states |a) can be represented by

a)=) oVlen), =) 7nle")

N
where |eV) is the dual of |ey), i.e., (eV|ey) = 8}
Substitution of the dual representation of |a) into
equations (34) and projection with (e /| yields

(58)

> {en|GFleM)ry =0.

N

(59

Due to Proposition 2 of I this is equivalently expressed
in functional space by equations (55).

For the derivation of (56) we consider the ma-
trix elements (a|G|e™). For unitary U the gener-
ators G must be hermitian. Hence it is (a|G*|e") =
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(Gtale™) = 0 for singlett states. With (58) this can
be expressed by

> (emlGHleM) (o)

M

=0 (60)

and if mapped in functional space one obtains (56).

¢

Proposition 2 : For unitary gauge transformations U
and gauge invariant states |a), in addition to Egs. (55),
(56) also equations

< <l.a" vlon iy s 1Aj> IG) =0,V L(61)
% 2 ] 2

have to be simultaneously fulfilled.

Proof: Due to the hermiticity of G* we have

(0|GL0m|a) = (GF0|Opm|a) =0 (62)
as (0| is gauge invariant. Application of proposition
1 of to (0|GLO,,,,|a) yields equation (61) in func-

tional space. O

With respect to the left solutions proposition 2 is
incomplete. We postpone the proof that also for (61)
left solutions must exist until we explicitly evaluate
equations (55), (56) and (61).

The basic variables in functional space are the
fermionic sources j; and the bosonic sources b
Together with their duals 9] and 9’ the following
nontrivial relations hold,

)
o]

while all other commutators or anticommutators, re-
spectively, vanish. The generating functionals (37)
are embedded in a functional Fock space, i.e. 97 [0)F =
8’;\» |0)g =0, VI, K. Withrespect to the following dis-
cussion it should be emphasized that this functional
Fock space is only a book-keeping device and lacks
any physical meaning. In particular this functional
Fock space does not fix the field representations in
various Hilbert spaces from the outset, because these
representations are expressed by the matrix elements
(0]Ola) or (0|0|0) themselves which are in no way
influenced by this auxiliary Fock space. The only task

O, (63)

SKK’
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of this Fock space is to allow a compact formulation
of the field dynamics governed by the field algebra.

From equations (51) and (55) it is obvious that not
the sources j and b and their duals themselves are
the variables of the functional Hamilton and Gauf3
operators. Rather these operators exclusively depend
on “Bogoljubov” transformed functional variables,
which of course are also only book-keeping devices!
For these new variables the following nontrivial rela-
tions hold

-<%a;'_%CA'LbL> ) (;ab'r_%cl\'/[llb[")] _(64)
=Ckrk 1,

<1a‘}{+fck»LbL> (18”, + Lo )]

AV 2 \G K TR
= —Cgg 1,

_(%a{ _ %A,m) , (%a{, - %Amn)L (65)
=—Anr1,

-<18{+£A”jJ> (laf, +1A ] />:|

%72 AV il |
=Ap 1l

while all other commutators or anticommutators van-
ish.

We notice that in Hilbert space the quantization
conditions (21), (22) can be rewritten in terms of the
formal fields Bg and 1; which leads to

[¢1, w[']+
[Bk,Bk']_-

AII' lIa
Crr 1l

(66)

A comparison with (65), (66) shows that the “Bo-
goljubov” transforms of j; and by obey isomorphic
commutation or anticommutation relations to their
corresponding original fields, i.e., their inverse im-
ages in Hilbert space. From this it follows immedi-
ately that the images of H and G in functional space
obey the same commutation rules as their inverse im-
ages in Hilbert space, see Proposition 3 in L.

5. Isomorphism of fields and sources

In this section we study the consequences of the
new functional variables introduced in the preceding
section. Although these combinations follow directly
from the rearrangement theorems, it is convenient to
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introduce a slightly modified version. This was dis-
cussed in detail in I and we do not repeat it here, but
refer to I. We define the new variables

X0 = %aﬁa(r)+%bfa(r) 2 Xk (67)
Yir) = 9j,0) - %bﬁa(r) =Y},

Jga(r) = %aa,A(r)—%(Cvo)aﬁj;,A(r) =: 9},
Z(L,A(r) = —%(C’Yo)aﬁafa,A(’)+%ja,A(r) = X1,
and

Xt 4 = %a;fa(r)— %bfa(r) = X%, (68)
V20 = 35,0+ 2b,0) = VE,

Ra®) = 100,400+ 2O s a0) = 3,
Z2A® = 2O apd O+ 2 e,a) = 23,

They obey the commutation or anticommutation re-
lations

[V, Xk]_ = Sk, (69)
2], = o

[(Xk Y&]_ = 8kx,
[Z},az,L = By

while all other commutators or anticommutator, re-
spectively, vanish. The renormalized energy eigen-
value equation (51) in functional space then reads
explicitly in these new variables

2 5

—1) . . .
> / {( YY)
i=1

G
2

(70)

, 1 . A
[fjhlahX;a(r) + Efjhigfach;zb(r)ch(r)]

. 1 . .
. [th/e' o Xpi,(N+ Efjh'e'gfab'c/X;ybl (r)X},C,(r)]
+ X1, (NZE 4 ()0 5 L% Iy p(r)

— Z; A(r(ia* 9y, — ﬁ'm)aaaéA(r)}d%W) = AE|G)

and the GauB constraints (55) and (61) are given by
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1 . . .
{;ak P+ fare X (DY () (1)

+(=1)'g 22 4018 0, 0] }|9> =0.

A comparison with the Hamiltonian (40) in Hilbert
space shows that the Hilbert space variables A are
replaced by X, X%, the E-fields are replaced by
YL, Y2, while Z¢,9" correspond to ¢¢, . The dou-
bling of the degrees of freedom is no failure of the the-
ory, because X}, X %( and so forth result by a canoni-
cal transformation from the original source operators
jA, E)A and so forth, and this canonical transformation
is biunique. In addition, the fact that two Hamiltonians
occur in equation (70) indicates that the Heisenberg
equation (35) is expressed in functional space and
not the eigenvalue equation for H itself. Neverthe-
less, in the following we will show that this similarity
of the functional equation to Hamiltonian eigenvalue
equations allows a derivation of Coulomb forces in
temporal gauge.

We observe that in the commutation or anticommu-
tation relations (69) the sequence of the 7 = 2 variables
is reversed in comparison with the ¢ = 1 variables. In
comparison with the conventional commutation rela-
tions in Fock space this difference enforces a different
interpretation of the ¢ = 2 variables compared to the
7 =1 variables. In order to clearly identify the mean-
ing of the various variables in the following we use
the notation

dep = (72)

a2
aK =

YIL»; X}\ = X}(,
Xii 2=Yh

which expresses the difference between these pairs
of variables. However, the change of notation is not
sufficient for a proper treatment of our transforma-
tion problem. Rather, together with this introduction
of a new notation it is necessary to change the co-
ordinate system in functional space in order to work
successfully with the new variables.

It was shown in I that the transformations (67), (68)
have to be supplied by the introduction of a new func-
tional vacuum. If we denote the transformed func-

tional vacuum by |0)}. the operators d, := Y,. and

0y := X% should act as annihilation operators. This
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means

Selo = (3% - 3ok ) it

| } ;!
5 (82‘— - %bﬁ-) 0p20 (74

a2
I |0

and analogous conditions for the fermion operators.
In the case of nonabelian fields the new vacuum |0)g
is related to the original functional vacuum state |0)g
by the transformation

0)F = exp {% / ALEALL (75)

1
*5 /ng(r)(C’YO)aﬁjaA(’)d3T} |0)g.

In the following we assume |G) to be expressed in
this transformed Fock basis and solve equations (70),
(71) under this condition. In a first step we rewrite the
eigenvalue equation (70) and the constraints in the
new variables. We define

1 .
Hy = /{—Ea;a(r)a]l‘a(r)

1 ~ 1 ~ N
+ 3 [fjheahxfla(") + Efjhégfabcfxlib(r)xz}c(r)]

(76)

~ 1 ~ &
% {flhmahu‘(}'a(r)+Eejh:grgfab/ch}L,b,(r)X},C,(r)}
+9X1.(NZ} s(ral s LY 505 5(r)
— ZL \(nia* 9y — Bm)asdy A(r)}d3r
and

I A
My = / {—5X5a<r)X§a<r>

1 A2 1 )
*3 [fjhzahaga(’) + _fjhfgfabcahb(r)agc(r)J

)

2
A2 1 a2 A2
. [fjh’['ah'ae/a(r) + Efjh’[/gfab’clahlbl(r)aélcl(r)]
a2 2 3 a 2
- gaja(r)ZaA(r)aaBLABaBB(r)

+ ZiA(r)(iakak — 3771)03833A(r)}d3r
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and thus from (70) we obtain the eigenvalue equation
(Hi — H1)|G) = AE|G) (78)

while the GauB} constraints (71) go over into

(194810 )= 9 fus X103, +pL )] 1G) =0, (79)
(19 X2, —i0fue 0N X ()= p20)] 16)=0, (80)
PL(r) = 924 4(N L 0, (). 81)

We observe that due to the transformation (75) and
the corresponding commutation relations for the new
variables, the operators X}, Z} are creation opera-

Ai 1 . . .
tors, while d,d; are annihilation operators. Hence
we have the relations

31,\ = (X;)+
9y = (Z}) 7

and (78), (79), (80) can be written in the following
form

[H] ((X])+7‘?IV(ZI)+3Z])

i=1,2 (82)

-1 (XD, X%,(2Y%, 2%)|19) = AE)G), (83)

(00X 40 (1) —ig funeX (DX (1) +pL(r)] |G) =0,(84)
(106X 20 (1) =g fareX 2o ()* X (1) — ()] |G) =0.(85)
From these equations it follows that in (83) - (85) the
two sets of variables ¢ = 1, 2 are strictly separated and
that in addition the Fock vacuum |0) can be repre-
sented by |0)r. = [0)L @ |0)Z, i.e. the direct product of
the vacua for the two sets of variables. In accordance
with these properties we can introduce the ansatz

16) =19)' ®16)*, (86)

where the states |G)?, i = 1,2 are referred to the
corresponding subspaces of the whole Fock space.
These states then have to satisfy the equations

H1|G)! = E1|G)!, H,|G)? = E,|G)?, (87)

[0k X} ()" — igfarc X (X)) +pL()]  (88)
-16)! =0,

(10 X2 (r) — ig fare X3, (r)* X2.(r) — ()]
-1G)? = 0.

(89)
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Hence in the following we have to evaluate Egs. (87) -
(90). As in these equations absolute energy values
appear we consider the whole system enclosed in a fi-
nite volume V. Afterwards we remove this restriction
and perform the limit V' — oo. We consider the cases
1 = 1,2 separatly and later on combine the results.
We first show that it is not necessary to treat the
case © = 2 explicitly. Once the ¢ = 1 case is solved
the results can immediately be taken over to the ¢ = 2
case. For this case the corresponding equations are

Ha|G)? = E»|G)?, (90)
[0k X2, (r) — ig fare X3, (r)* X2 (0) — p2(1)]G)?=0.

By proposition 2 the existence of (90) and their
right solutions is secured, provided the corresponding
states |a) in Hilbert space exist. But in contrast to
proposition 1 no statement about the left solutions
was made. The explicit form of the equations given
above allows to solve this problem.

Proposition 3: Equations (90) possess left solutions.

Proof: If left solutions 2(S| of equations (90) exist,
they have to fulfill the equations

2(S|Hy = X(S| By, ©1)
2SI [0k K2, () — ig fare X2, X2.(r) — p2(r)] =0.

By hermitian conjugation in functional space we ob-
tain from (91)

H3|S)? = Es|S)?, 92)
[0k X2, (N —ig fare X3, (VXL (1) +p2(r)*][S)*=0.

From (77), (82) and (89) it follows that (92) are
analogous to the corresponding equations for the i = 1
case if one replaces ¢ = 1 by ¢+ = 2. This means that
(92) are isomorphic to the corresponding equations
for |G)! and that by substitution X! — X? the state
|G)! can be mapped upon |S)2. Hence |S)? exists in
accordance with proposition 1. As in functional space
hermitian conjugation is well defined, it follows from
the existence of (92) that also (91) exists. &

Thus in the following we concentrate on the treat-
ment of the 7 = 1 case. In particular the Gau con-
straints (89) read

(1948, 1) =i fuaar XL, 0, )+, O} 16) =0.
©3)



230

The divergence operation in (93) acts on the
functional variables and simultaneously on fields in
Hilbert space as a projection operator which anni-

hilates the transversal parts of élk(r). For a proper
treatment of (93) we thus have to decompose all
vector variables in their longitudinal and transversal
branches. This decomposition for functional variables
can be performed in the same way as in function space
and we obtain

al al,l al,t
(P[+Pt)ah- :=ah' +a}\',
P+ P) XL =X + X

al
a K
£

(94)

with P, and P, projectors in function space. With
this decomposition the commutation relations (69)
are transformed into

[al\e, A —,]_ = inSK}\", (95)
05, %K) = Pk (96)
and (93) goes over into
{laka (1) = igfanc Xy, k(r)a k(r) 97)

- igfach;,k(r)élji(r) +p) (r)} 1G)! =

Simultaneously with this operator decomposition the
functional Fock space representation of |G) in the new
variables X}, X%, etc., can be rewritten in terms of
longitudinal and transversal operators.

6. Resolution of the Gauf} constraint

In the preceding section we demonstrated that in
the new variables (67), (68) the functional equation
(51) for the renormalized energy can be decomposed
into two independent energy equations (87) and cor-
responding GauB} constraints (89), (90). Furthermore,
it was shown that it suffices to treat the ¢ = 1 case
explicitly, while the ¢ = 2 case can be treated along
the same lines, i.e., the results of the 7 = 1 case can be
taken over for the ¢ = 2 case. Hence in the following
we concentrate on the ¢ = 1 case.

The variables of the i = 1 case are given by (67).
With respect to these variables we have the following
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correspondence: The classical A-fields correspond to
X} variables, while classical E-fields correspond to
Y, variables. This correspondence leads to the func-
tional Hamiltonian H; given in (76). With the decom-
position (94) we obtain

/ éjl'a(r)éjl-a(r)d3r = / 3;;£(r)§;-f(r)d3r (98)

alit aljt 3
+ /8ja(r)8ja(r)d*r
and thus H; admits the representation

B /aak (r)aak (r)d r (99)

+hy (a .X“,X“,Z‘,a‘),

where the first term represents the longitudinal part

of the color electric energy, while the second term
a1,¢ ; 5
does not contain d ~ anymore, i.e., is independent of

the color electric field. Thus we can proceed in anal-
ogy to quantum electrodynamics; i.e., the first term of
(99) has to be transformed into the color electric non-
abelian “Coulomb” law, where of course we expect
drastic modifications compared to quantum electro-
dynamics.

As the first step we evaluate the nonabelian Gaull
1,0 . )

constraint (93). We substitute d,, , (r) = aka;(r) into
(97) and after multiplication with A~! this yields

1 > ' ’ ’
{a}l(r)+ 9fave7— / Cr, /)X ()] AL )dr

+ L/C(r.r’)f)(‘l(r’)d3r'}|g)l =0 (100)
4
with
AT e &1 (nalt -
PL(P) = gfasc XL, (O, (r) +ipl (). (101)
We rewrite equation (100) in the form
/ [Sacﬁ(r—r)+g fapcCr,r )Xb](r )8 ] (102)
.o J(rH)dr|G)! = ——/C(r plaHd®r'|G)!

and in order to resolve this local Gaul3 law we have
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to construct the resolvent of the operator

Koor,r') = |8,.0r—r") (103)

1 2% N
+ gﬁfabCC(r,r )Xg,j(r )0; J

In accordance with our preceding discussion the
X, have to be considered as creation operators in
functional (transformed) Fock space. Thus the in-
verse of (103) has to be constructed in this space.
However, it has to be observed that the resolution of
the GauB constraint is intended at the elimination of
the longitudinal branch. Hence the representation of
the resolvent has to be restricted to the longitudinal
subspace of the X '-Fock space. As on the other hand
X} can be decomposed into

X=X+ X (104)
this means that for the resolvent calculation X Il’t plays

the role of an “external” parameter.
We observe that due to the commutativity of the

new variables X B X ;\l, Z} the corresponding func-
tional Fock space basis can be represented by
F) = { [ @

(%x)" |0>’é]
n

®[ & (%%)" |0>’f:] ® [ ® (Z})’|0>’£] }

r

(105)

where [0)’f: is the Fock vacuum of the longitudinal
branch, |0)’ f: that of the transversal branch, and |0)’£
represents the fermionic functional Fock vacuum.
Proposition 4: A representation of |G)! in the new
variables X}, Z} is given by

o m

9)'=3 o

nm

gnm(Il Kl Km) (106)

1 1 £l t 1
T 0L s

0)'r
The representation (106) can be equivalently ex-
pressed by

‘h

7 R i o~ 5

|g>1 = E ;l—’|g;tl(1§1-~-}\h))f’ZX}\lf...X}1\li|0)';
— h!

(107)

or
9)! = 30 SIG K KRR 0
Sy

(108)

where |G! (K ... Kp))¢ is a functional state in the
fermion variables and the longitudinal branch, while
|g (K, ... K;))%tis a functional state in the fermion
vanables and the transversal branch. These states are
invariant under application of P, or P, on |G} ) or |GY),
respectively.

Proof: As the transformed functional space is again
a Fock space, equation (106) is the most general
representation of |G)! in this space. Due to |0)'r =

|0)’ é ® |0y :- we write (106) in the equivalent form

G (S . 0)'r.

6=y =

m

KoY Xk ... Xk

(109)

Using the properties of the projection operators
P!, P! which act on the coordinate K, we obtain

6 =% %|gm(K, LK) (110)
I (Pt+PL)* Xk, ... X, l0):
a=1
= i K - f
=D —1Gm( )l
- 7] 2| ¢ ;
I (Pa)" + (P)| Xk, - Xk, 10
a=1
or equivalently
9) Z Z G (K ... K (111)
-(P") (PE) Xk, Rk, 0V}

le |gm(K] . 'm))f

—Zm.Z -

<lm

b
0)'r

with i, = 1,2 = ¢, ¢. In the second part of (111) the
squares of the projection operators were resolved in

- (P) X, - () X

m
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favor of a symmetric application on X ' and |G, ). This
step can be explicitly verified in coordinate space or
by Fourier transformation. Due to (105) a rearrange-
ment in the (Pl )X}\, variables leads to (107) or

(108), respectively. Furthermore, as (P!)* = P! the
invariance property can verified. &

These representations of |G)! allow a stepwise con-
struction of the resolvent for (103) in the various sub-
spaces. We write (102) in the form

[ [pu80 =11+ 05 ey 12
1 % T ’ !
93 Larc 1) X, 093 |31 G)'

_ _L INal o337 1
- / Cr, P |G)

and replace it by the symbolic notation

(1+0;+0,)9|6)! = 036)". (113)

First we resolve this equation formally.

alt
Proposition 5: With respect to 9|G)! = 9, (r)|G)’
equation (113) is equivalent to equation
I
RL05(G)",

01G)! = (1+RLO,) (114)

where R/ is the right inverse of (1+0,) in the transver-
sal Fock subspace of (105).

Proof: We first show that (113) follows from (114).
Then we prove the reverse.

i) We multiply (114) by (1 + R40)) and obtain

(1+R501)9|G)' = R505(G)! (115)
or

0|G)! = RLO31G)! — RL0,0|G)". (116)
Multiplication by (1 + ©,) yields

(1+0,)9|6)' = 03]6)! — 0,0]G)" (117)
i.e. Equation (113).
i) We generalize (113) to

1+ 0, +01)0|G)' = O3] F). (118)
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We apply the ansatz 9|G)! = X |F). Substitution into
(118) gives

(1+O0)X|F) = O3|F) — O, X|F).  (119)
For X = R.Y one obtains

Y|F) = O3 F) — O|RLY | F) (120)
or

(1 + O\RYY | F) = O3] F). (121)
For Y = (1 + O;RY)~'O; Eq. (121) leads to the

identity (’)3|]-' ) = O3|F). This means

3G) =Ry (1+ O\RY) ™' O3]F) (122)
fulfills (118). By definition O; is an operator in the

longitudinal subspace. Hence [R4, O] _ = 0. There-

fore RS (1+OR) ™ = (1+O;RE) ™' RY and with
|F) = |G)! it follows (114). %

After the formal resolution of (113) by right-
inverses we directly construct these resolvents. For
abbreviation we use the following notation for the
transversal Fock states

b by A

|zl s ik > \ (Zl) h;\b; (Zk)lo) = (123)
h1 hy
bk b] bl bk "

Uz oooz| = 2.z ) (124)
h,k h[ h] hk

Then due to (82) and (96) for these states the following
scalarproducts result

d, dm b by

Huy oot | 21 oo zi ) (125)
ki km  h I
d, by, dm by,
= 6mk PZ Dt (ul z/\ ) (um Z)‘m)
)‘I >‘m }‘l h)\] k'm h)\m
with

Dt := 8y [S(u — V)8 — O C(u,v)oy|.  (126)
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.- 1,t 1,t
Furthermore it is P*X ;2" = X 2. By means of these
formulas we can now express R.

Proposition 6: The nonperturbative right-inverse of
the integral kernel

Ki(r,r) =

a c

8..0(r—1")

fabcco X )ag'] (127)

is given by the resolvent integral kernel

1
t -
RL(r, 1) ._ka! (128)
a c k,n
a b by ¢ ay a, b by
. /Rk"(r, 2l ) |z 2k )
h] hy 8] én hl hi
a) an
t( / g - l’n| d3z1...d3zkd3r1...d3rn
0, ln
with
R*™=0 if n>k+1,k=0,1...00

and the diagonal term (kK =0,1...00)

a b] bk Cc a) ag
R (| rizy ..z, P o1 (129)
hi hip 4 ("
by ay, by ax,
_saca(r—r)PZD @ ry)...D'G 1) -
A he oy hy €y,

The nondiagonal terms for n < k can be determined
by the recurrence formula

a b] bk Cc a an
R | rzy...ze, Pr ... 1y (130)
hl hk 51 fn
1 &
= —gEZfab,bC(',zs)ai‘:Rk_l"
s=1
b b bs by ¢ a an
25,21 +--Zs .- Zk,rl,rl...rn )
hl hs hk g] €‘n
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where the dot means omitting the corresponding co-
ordinates.

Proof: We define R} by the postulate

/Kt(r r”) RLW, Py &' 20, F) = (131)
c b ab
1 a) (17%
Z ;L—'S(r—r')&lb [yl - )t
" J1 Jk
a) Qan
t<y.‘ ynl &y, ... Py,
J1 In

Let |F(r)) and |D(r)) be two functional states in
a a

transversal Fock space of type (113). Then we study

the inversion of the equation

/Kt r, ) |F@") &" =|Dwr)). (132)

a ¢ c a

We substitute the inversion

|f(r") RY (r” r’) ID@))dr  (133)
b

into (132) and obtain by (131)

/nt r,r) |D(r’))d3 "= |D(r)). (134)

ab a

Using (131) for the evaluation of the left-hand side of
(134) and taking into account the invariance proper-

ties |D (r)) against transversal projections, we obtain
a

|I'|D) = |D), i.e., the condition (133) is the res-

olution of (132), i.e., if by direct construction the

postulate (131) can be fulfilled, R is the exact right

inverse of K*.

For the explicit construction of RY we substitute
(127) and (128) into (131) and project (131) from
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dl dm
the left by “(u;... u,,| and from the right by
hl hm
€ €q
|vi ... v, )" .Dueto(125)all scalarproducts can be
r T

exactly evaluated. Form,q =0, 1... oo thisleadsto a
system of equations for the determination of R*™. The
exact resolution of this system can be formulated by
the relations given above. The nonperturbative evalu-
ation of this system is elementary. For brevity we do
not explicitly reproduce the corresponding lengthy
formulas. <

To perform the next step we define in analogy to
(123) the longitudinal branch by

b[ bk
|21 ...z )= RS @) KRS @OI0)', (135)

hy hy,
T b b\

B g aec ] 7= b (20 asety P (136)
hk h,] h/l h’lc

which yields the scalar product

dl dm bl bk

(( Uy os Wor | 20 -0 Zk )‘ (137)
11'1 km h] ’lk
dy ay, d, by,
=8 Py D' 2z3)... D'@n 23,)
Nimesdor ky  hy, km R,
with
D' =840 Cu,v)d). (138)

These formulas can be used in the following theorem.

Proposition 7: The nonperturbative right inverse of
the integral kernel

b
K@, r) =880 —r)+ g—l— Car,r)X) o
4 d 2
a c a c

(139)
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with
A b
C(r,r) :=/R§(r, r") faC" r)d3r"  (140)
a ¢ a d
is given by
% 1
R, r) :=Z— (141)
@ B v k'n!
R a bl bk C a (2% bl bk
® Rk”(r,z]...zk,r’,rl...rn) Izl---zk >£
hy hi l s A hi
a an
| & Budiry . By,
(4 L
with
RF"=0 if n>k+1,k=0,1...00,
. a b by ¢ a; Qg
R zy .. zi,rry .. 1% (142)
h] hk f[ gk
by ay, b ay,
=8,8r—r)PY)_ D'@ 1) ... D@ )
Afissa g h] [)\] hk ()\k
and the recurrence formula
. a bl bk C a) Ap
Rz oo zp, Py .. 1) (143)
h hi 0 (,
L L
— 7 s Dk—1,n
= —gﬂz Crz) iR
s=1 a b
b b boS b, ¢ a ax
Zss 2l oo s -ov Ty T, 0. Ty
hl hs hk gl gn

Proof: In contrast to the integral kernel (127) with
the ordinary c-number Coulomb potential C'(r,r’), in
the present case the integral kernel (139) contains
the operator valued generalized Coulomb potential
C(r,r'). In spite of this generalization the proof runs
along the same lines as that of Proposition 3. &

By means of these propositions an exact nonpertur-
bative and explicit expression of formula (114) can be
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given which we will use in the following. We combine
the results of the preceding propositions and obtain
for the right inverse of the integral kernel

K, r)

a ¢

= 8aca(r_rl) (144)

1 "\ AT
+ 97 Fare Cr, 1) X ()0

the expression

R, r) = (1+R0,) R}

a ¢

(145)

R@ar’) Ry r) &r”
ad d c
and thus Eq. (114) can be written in the form

Il

1
lo) =-4 [Re ) oy )
W a c
. f)l(r")d3r'd3r”|g)].
In the next step we investigate the longitudinal color
electric energy in (99) by means of this formula.

Proposition 8: The color electric energy in functional
version applied to physical functional states |G)! is
given by

—% /a?al(r)xa;(r)d%w)‘ = ——% /d3rd3r'd3yd3z

1 NP
- O(r — Z)Sada_’f.a?{ (@n)? [R (: ;) CorPHe)

"Rz, x) Ce,rpi")+ R, y) 9frc.CW, 7 )ba
d e a f

. Pj(r',z)afn(r’, x) C(x,r")ﬁ;(r")] dxd®r” (147)
G €

1 A al,
= 4—7%("7 y) C(yvrl)ffbcsbdpj(r/vZ)aljt('l)}|g>l
™ a f

with

8Py 2) = (0,0, X)) - (148)
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Proof: We apply 9)y(z) from the left to the Gauf law
(112) and commute it with the functional Gaulf} oper-
ator, i.e. generator, so that ab(z) directly acts on |G)'.
Successive application of the resolvent (145) and sub-
sequent contraction by 8(r — z)d,4 with integration
over r and z leads to (147). &

Obviously the first term on the right-hand side of
(147) plays the role of the nonabelian color elec-
tric Coulomb field energy, while the following terms
stem from the commutators, i.e. they add to the color
“Coulomb” forces specific quantum corrections. In
this way we have realized our intention to exactly re-
solve the GauB} constraint and to incorporate it into
the quantum Hamilton operator. However, as can also
be seen, in (147) the functional representatives of the
A’-fields are still present. Thus, in a last step we have
to eliminate these redundant variables.

7. Effective functional energy equations

We continue the discussion of the 7 = 1 case, be-
cause already at this stage the effective color Coulomb
forces can be identified.

Proposition 9: The effective functional Hamiltonian
HE for the i = 1 case resulting from the elimination
of the GauB constraints and the longitudinal vector
potentials is given by

H = —% / 3 ()0 (r)dr (149)
+ % / [fjhlahxg},;t(r) + %fjhfgfach}ll;,t(r)Xglét(r)}
: [fjh’l’ah'Xel:’i(’)"'%fjhfe'gfab'cfj(;lzl(r)xg,’i,(r)} d’r
-/ [Z;Av)(z'akak — Mg ar)

— 9X I (NZL 4 ﬁL;BagB(r)] dr

1 L3 1
-5 / drd®r'dyd®28(r — z)SQdBZafl{W

- [Ram ¥ COPMIRY @ %) C.r )
a f d e

+ RE(,Y) 9f15cCO. )8l 203, RS (), %)
a f c e
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- Cle, PPy | xdr”
1 7 !
= 4‘733 r,y) C@,r')fpcdaPi(r ,z)al}t(f’)}

with R} defined by (128).

Proof: We use for the functional color electric energy
the division (98) and substitute expression (147) into
the longitudinal part of (98). Furthermore we substi-
tute X} = X'+ X and (98) into the functional
Hamiltonian (76). By means of these substitutions we
obtain from (76) and (99)

pld wn s
Hy = rhs 47+ (9, X1, X0, 21,0") (150)
By comparison of (150) with (76) and (99)Ait follows
that h; admits a power series expansionin X ¢ which
we write symbolically as

Lt &

4
m=Yonr (37,51, 21,9") (X1
v=0

(151)

with highest power four of X }f
obtain, due to (101),

. In the same way we

p=p"+pl XM (152)
a symbolic expansion of p,(r). We now apply H;
to |G)! and again expand |G)! with respect to the
longitudinal Fock subspace. In symbolic notation this

leads to

6)' =D (X"~ |0)f @

K

1B (153)

where the set of states {|G,)'} contains all other de-
grees of freedom of the system. In the same symbolic
way we represent R (r,r’) in the longitudinal Fock

subspace by e

R=3 (XM 0)ER HOI@ )Y, (154)

Ax

where the coefficient functionals {R,, } are opera-
tors in the functional subspace of all other degrees
of freedom, i.e., the complement of the longitudinal
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subspace with respect to the whole functional Fock
space of the system.

We now consider the equation
¢ 1
r(OH,11G)

= B (0|6)' (155)

and evaluate the various terms separately. In doing so
we concentrate only on the effects of the projection
suppressing all other details. We characterize equa-

tions in this symbolic calculation by the sign Sy;nb.
We observe Ry, = 0 for x > X and obtain for the
first term on the right-hand side of (147) the symbolic
expression

£(0[(1. term r.h.s. (147))|G)"
" Roo 401 (3°+ ' X1) (119" 0}
Ale\ X
- Ry 01 (37) (°
- (X1 10)EIG)!
p° Roop’|Go) "

(156)

+i~)]Xl,£)

symb

For the second and the third term on the right-hand
side of (147) one gets

£(0|(2. and 3. term r.h.s. (147))|G)" (157)

symb

NSV AL\ N
=" Rog 101 (X1)" [0)fRovs £(01 (9)

(" + ' X (X7 [0)FIG)!
— Roo £0] (X)" [0)IG.)"
nEe 2°1G0)! — RoolG)".
The term (151) yields
LOl|G)! = L(OlRY (X4)" (X147 10)EIGK)" (158)

K <f)l,t’Xl,tQZl’al) 1Go) .

If we collect all terms the following expression results
for equation (155)

L(O[H,|G)" “=° [Roo ORoop’ + RooRoop®  (159)

- Roo+h?] |Go)! = E1|Go)".
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The term Ry is the expectation value of R with
respect to the longitudinal Fock vacuum, i.e., we have
the definition

R = (0|R|0)R (160)
= / OR @, r) |0)f @ R (" F) d*r".
a d d ¢
From (142) it follows

£O|R (r, ") |0)& = 8aqd(r — ")
a d

(161)

and hence Ry = Rj. If we substitute this value into
(159) and retranslate (159) from the symbolic notation
into the full notation we obtain the effective functional
Hamiltonian (149). &

From this result it follows immediately that only
the term |Go)' of (153) is needed for the eigenvalue
calculation of (149). This can be formulated as fol-
lows:

Proposition 10: With (150), (151) and (159) the en-
ergy eigenstate of HS™ is given by £(0|G)! = |Go)'.

This means: The longitudinal branch of the non-
abelian vector potential is not needed for the calcula-
tion of the energy eigenvalue.

The treatment of the 2 = 2 case was already outlined
in section 5. In order to obtain quantitative analytic
expressions we discuss this treatment in more detail.
We start with equations (92), which due to (82) can
be written in the form

le =
/ {—Eaﬁa(r)aja(r)

1 " 1
+3 [fjheathza(") + 2€]hlgfabc Y2, nX? (r)]

(162)

° 1 % A
* |:Ejhl[/ah'X[2:a(l') & o Efjh’l’gfab'c'X}ZL’b’ (r)XeZICI(r)]

9X2,(NZ2 \(Nel s L 535 ()

+ Z2 ,(r)(ia* oy — ﬂm)agagA(r)}d%w)z = E|S)?

and

[iakéi g fare X2.()04(r) +pa(r)] 15)2 = 0.(163)

Comparison of (162) and (163) with (76) and (79)
shows the complete structural analogy of the case
1 = 2 to the case i = 1. Hence we can completely take
over the treatment of the case ¢ = 1 to the case ¢ = 2.
This in particular means that propositions 5-10 can
be applied to the resolution of (162) and (163). The
result is an effective energy equation for |Sy)?

HE™|S0)? = Es|So)?, (164)

where |Sy)? is an energy eigenstate in functional space
independent of the longitudinal branch, and the func-
tional Hamiltonian H™ is given by the definition

HE 1= = / o (r )a]a(r)d‘ (165)
l 2 1 A
45 / [ejheahx,i;‘(m Eejhegfabcxi;,‘(r)xz ‘(r)]
» 1 % 5
: [ejwah/X?:ﬁ(r)+Eejhfe/gfab'c/Xizi,,(r)Xf/’;,(r)] &r
9 .k 2
+ / [ZQA(r)(za 0 — ﬂm)agaﬁA(r)

- gX% t(r)ZZA(r)af;BL;Baf,B(r)] d’r

3..43133.43
2/d rd*r'd*yd z8(r—z)8ad8r8z{(4 7

- [7‘230, ¥) COo. P )b RL @, x) Cx,r)per’)
a f d e

+ RLT,Y) 9F50cCO, P8Py 200 RE (P, %)
a f c e

i C(x,r”)ﬁg(r") d3l‘d37‘”

- 4—R 5@, y) CO.r)frucduaPi(r z)ac] (")}
a f
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where RY and 52 are given by R’ and p° if the i = 1
variables are replaced by ¢ = 2 variables. By hermitian
conjugation (164) goes over into

H(Sol M5 = *(So| Bz (166)
We now assume that this equation also has a right-
hand side solution

H5(Go)* = Ex|Go)? (167)
and combine this equation with

H{"1Go)' = E|Go)' (168)
resulting from proposition 7. With |Gp) := |Gy)'
|Go)? we then obtain

(Hi" = H5") 190} = AEIGo) (169)

which is the genuine eigenvalue equation of quantum
chromodynamics in temporal gauge where all redun-
dant variables are removed. In accordance with its
derivation equation (169) is formulated in the trans-
formed new variables. Due to (167), (168) this means
that with respect to (169) this equation can only be
solved in a finite volume in order to avoid infinite en-
ergies £} and E,. Only in the original variables the
transition to infinite volume can be performed. Hence
we have to express (169) in these old variables in
analogy to quantum electrodynamics.

However, in contrast to quantum electrodynamics
the effective Coulomb forces in (149) and (165) are
rather complicated and need an additional detailed
evaluation of the general formulas given in (149) and
(165). But this would go beyond the present investi-
gation. Therefore, in a first step we take into account
only the lowest order of R. It is given by

RE = 8,.|0) 8(r — ') £(0). (170)
Substitution of R4 and R4 into (149) and (165) then
leads to the following explicit form of equation (169)

{—— / o, (r )a ‘I + 2 2 / X indr

+2/ [wa’ Xl’a (r)+-ejugfabc (r)‘ifc (r)]

&1t -1t -1t 3,
s !:fjhlglazl‘f\wa(r)*'EE]h!(wgfab/C/_Xh,b((r)_X”Cl(r):|d r
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1 224 1 a2t a2,
= 5/ [fjhfa:;aeat(r)*‘ Efjhfgfabcai:(r)aict(r)]

a2t 1 a2t a2t
. [fjhrgla:/a[,a(r) + Efjhrgrgfab/dah,b,(r)ag,c,(r)} d&*r

- / [Z; Ar)(ia*dy, — Bm)az05 () (171)

_gX“(r)Z A 5L 5 };B(r)]d3r
- / (22 )00k — B ar)
géj: (NZ3A(Nad; L

4 i B(r)] &r

2
+ Sg—ﬂ' / [PL(")C(rw "’)lez(’/) _ p(zl(r)cf(’,7 r/)pi(r/)]

&rd o) ;;<0|}|go> = AEIG).

where due to (170) the last two terms in (149) and
(165) vanish. In addmon the ﬁeld parts of p' and p¥°
drop out; thus only p! and p? remain.

So we have obtained in the lowest order of R} the
color Coulomb forces between quarks. But a com-
parison with the Coulomb forces in quantum electro-
dynamics which are contained in I (123) shows that
even in this lowest order the color Coulomb forces
deviate by the projector [0)% (0| from the ordinary
ones. This is a clear indication for the nonperturbative
treatment of this problem.

The necessary retransformation of (171) to the
original functional variables runs along the same lines
as in quantum electrodynamics. Hence for details we
refer to I and give the final result directly. We obtain
the following equation from (171)

{ / bE t(r)Ara ‘edr +i / bﬁl’t(r)aﬁl’t(r)d3r
+ig / BE) fane [28 ‘el
bfb"(r)al,;bfc’t(r)

Bl rdbE: t(r)] &r

ot r) —

/ bE O e L e [ (N0 (NI (r)

b’“( WE s ‘(r)]d r
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= /jam(")(iakak — Bm)apdpra(md’r

—ig / 8;‘;’(r) jam(r)az;gaixLiBa@m(r)] d’r

—ig3 / b5 )[04 NCTY e L 5933 5()
1]aAA(r)('YJC)aBO')‘A/LAB]g)\/B(r)]d r

+—/]a)\A(r) (07 )alaz aza(L ))‘l)‘7

A1Ap

(L° ):;AA' T Cr,r)d(r — r)d(r — r;)] as(123)

. I:arx.)\lA](rl)aag)\zAz(rZ)aa3>\3A3(r3)
1 .
= 27010103, (C oz O, ng o 3y 4, 1)

' ja’zx\’zAz(r2)aa3)\3A3(r3)] &Erd’ridiryd’r

-|0)E ’Ft<0|}|go> = AE|Gy). (172)

So far we have treated the algebraic formalism for
quantum chromodynamics and the elimination of con-
straints without any reference to special representa-
tions which include the introduction of inner products
and the emergence of representation-dependent effec-
tive functional Hamiltonians. In particular the latter
are the only data obtainable for the formation of a time
evolution, which then is representation-dependent and
in this precise sense effective. It should be emphasized
that this fact is a radical departure from the common
treatment of quantum fields by perturbation theory,
enforced by the algebraic concepts of representations
of abstract operator algebras. This was already dis-
cussed in the introduction of I. How to introduce such
representations and so forth into the representation-
free dynamical equation (172) is not the topic of this
paper, but we refer to [40] where the general way of
incorporation of special representations into quantum
field functional theory was outlined.

8. Conclusions

Our treatment shows that nonabelian gauge theo-
ries are considerably more complicated than abelian
gauge theories. Hence for nonabelian gauge theories
an additional discussion is needed about the results
obtained in the preceding sections. Like in quantum
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electrodynamics, also in the case of quantum chro-
modynamics we succeeded in deriving a functional
energy equation (169) which allows a selfconsistent
calculation of functional energy eigenstates depend-
ing only on the transversal branches of gauge field
variables. Therefore, within the framework of alge-
braic quantum chromodynamics in temporal gauge it
is possible to isolate a selfconsistent subsystem from
the whole set of dynamical equations, of which the
variables correspond to the Coulomb gauge variables.
In quantum electrodynamics we were able to show the
equivalence of this system to the algebraic equations
in Coulomb gauge. As an exact classical evaluation
of the Coulomb gauge Hamiltonian does not exist
in chromodynamics, a derivation of the correspond-
ing functional energy equations cannot be performed
and thus we cannot prove (169) to be the algebraic
Coulomb gauge version of QCD. Nevertheless, due
to the complete analogy of the derivation of isolated
subsystems in both QED and QCD, we postulate that
we have directly obtained the quantum version of the
Coulomb gauge in chromodynamics. One characteris-
tic feature of Coulomb gauge in QED is the absence of
constraints. This also holds for the system (169). With
respect to the invariance conditions of physical states
against gauge transformations, one therefore has to
investigate whether such an invariance is guaranteed
for the solutions of (169). In spite of the difficulties
mentioned above, the Coulomb gauge is a frequently
investigated gauge in QCD, for reviews see [2], [3].
The Coulomb gauge is defined by V - A* = 0. With
respect to local gauge transformation the Coulomb
gauge in QCD means a complete gauge fixing, i.e. in
Coulomb gauge no residual local gauge transforma-
tions remain (in contrast to QED). This can be seen
by forming the divergence of an infinitesimal gauge
transformation for A, :

Aa(r7 t) + évwa(r) + fabcwb(r)Ac(rv t)
(173)

One obtains for Aw(r) = 0 (which is the gauge con-
dition of QED)

Au(r,t) =

% Aa(r7 t), = fabcAc(rv t) ) Vwb(r) (174)

which for w, # €, is unequal zero. Hence any local
gauge transformation destroys the gauge condition.
Therefore, in Coulomb gauge no constraints result-
ing from local residual gauge transformations have to
be imposed on the states. The only remaining gauge
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transformations are global ones with w,(r) = e,,
which leave the Coulomb gauge invariant. Thus the
invariance against global gauge transformations is the
only condition which has to be satisfied by the eigen-
states of (169). But this invariance condition can be
directly incorporated into the set of eigensolutions of
(169) by construction of irreducible one-dimensional
representations of the global gauge group within this
set. The solution of this problem is standard and thus
will not be discussed here. Furthermore, the invari-
ance of the energy operator of (169) against global
gauge transformation has to be proved in detail, but
the success is secured since the Coulomb terms re-
sult from the global gauge invariant expression of the
longitudinal color electric field energy.
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