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The algebraic formalism of QCD is expounded in order to demonstrate the resolution of Gauß 
constraints on the quantum level. In the algebraic approach energy eigenstates of QCD in temporal 
gauge are represented in an algebraic GNS-basis. The corresponding Hilbert space is mapped into 
a functional space of generating functional states. The image of the QCD-Heisenberg dynamics 
becomes a functional energy equation for these states. In the same manner the Gauß constraints are 
mapped into functional space. In functional space the Gauß constraints can be exactly resolved. 
The resolutions are defined by nonperturbative recurrence relations. The longitudinal color electric 
energy can be expressed by means of these resolvents, which leads to "dressed" color Coulomb 
forces in temporal gauge. Although present in the system, the longitudinal vector potentials do 
not affect its energy eigenvalues. This leads to a selfconsistent subsystem within the functional 
energy equation in temporal gauge which has to be identified with a functional energy equation 
in Coulomb gauge. In addition this procedure implies a clear conception for the incorporation of 
various algebraic representations into the formal Heisenberg dynamics and establishes the algebraic 
"Schrödinger" equation for QCD in functional space. 

PACS 11.10: Quantum field theory; PACS 12.35C: Quantum chromodynamics. 

1. Introduct ion 

One of the outs tanding and unsolved problems of 
quan tum ch romodynamics is the investigation of its 
low energy sector, a l though numerous papers about 
this topic have been publ ished. In this sector mesons 
and nucleons are fo rmed and this format ion should 
be governed and expla ined by the effect ive forces 
arising f r o m an appropriate evaluation of quantum 
chromodynamics . In gauge theories redundant vari-
ables occur in various gauges , and the derivation of 
effect ive forces in such theories is closely connected 
with the e l iminat ion of these redundant variables, as 
is demonst ra ted by the example of quan tum electro-
dynamics . In order to maintain manifes t covariance, 
covariant gauges cannot do without redundant vari-
ables and thus they are not suited for the evaluation of 
effect ive forces. Hence non-covariant gauges have to 
be applied. Non-covar iant gauges were increasingly 
treated in the literature. For reviews see [1] - [4], Al-
though these gauges are not manifest ly covariant it 
can be shown that they can be correctly Poincare 
t ransformed by a mixture of gauge t ransformat ions 
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and Poincare t ransformat ions [5] - [8]. In the pertur-
bative range renormalizabi l i ty is a lso secured f 1], [9], 
[101. 

Guided by the example of q u an tu m e lec t rodynam-
ics the most popular approach consists in the e l imina-
tion of redundant variables at the classical level. This 
is achieved by the introduct ion of gauge invariant vari-
ables, which are non-cartesian field "coordinates" , or 
equivalently by direct solution of the constraints [6], 
[11] - [19]. Apart f rom observat ions that this proce-
dure is not consistent with direct canonical quant i -
zation [20] the precondi t ions for the success of this 
procedure are very restrictive already at the classical 
level [6], [13]. For canonical quant izat ion a resolution 
of the constraints on the operator level was pe r fo rmed 
in axial gauge [ 2 1 ] - [ 2 3 ] . Frequent ly loop variables 
are proposed. But loop variables can only be exactly 
evaluated for quan tum Maxwel l fields [24], In addi-
tion, inconsis tencies have been discovered [25]. Apart 
f r o m path integral manipula t ions which s tem f r o m the 
classical t reatment and suffer f r o m the same draw-
backs, Schrödinger equat ions for the gauge fields are 
used [26] - [34], But Schrödinger equat ions for fields 
suffer f rom the ill def ined representat ion problem. 
Hence, with respect to these various d rawbacks we 
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do not follow any of these approaches in this pa-
per. Rather, in treating this problem we try to estab-
lish an algebraic formalism for canonically quantized 
gauge fields, which is in accordance with the prin-
ciple of algebraic representation theory. In order to 
avoid any difficulty with non-cartesian coordinates 
we use a strictly cartesian coordinate version of chro-
modynamics, which imperatively leads to the use of 
temporal gauge. The general algebraic formalism for 
quantum gauge fields was developed for the example 
of quantum electrodynamics in a foregoing paper [35] 
which we denote here by I. In the following we con-
centrate on the peculiarities of the nonabelian case. 

In I we demonstrated that the evaluation of the 
Coulomb forces in quantum electrodynamics can be 
achieved without Coulomb gauge fixing if one starts 
with temporal gauge fixing conditions and residual 
gauge invariance constraints, and afterwards evalu-
ates Coulomb forces by suitable transformations. In 
this way the Coulomb gauge is circumvented, but nev-
ertheless the Coulomb forces are explicitly derived. In 
nonabelian theories temporal gauge fixing conditions 
can be exactly fulfilled [36], It is the aim of this pa-
per to show that also the invariance conditions against 
residual gauge transformation can be exactly resolved 
on the quantum level. As a consequence one then 
obtains explicit expressions for the effective "color" 
Coulomb forces in temporal gauge. In this way the 
"Coulomb" gauge is established on the quantum level, 
which on the classical level cannot be exactly calcu-
lated. This is a hint that the constraint problem in 
quantum theory is of another quality than in classical 
theory. In the literature so far this fact was failed to 
see, as neither by use of operator calculations nor by 
use of path integrals this difference between classical 
and quantum theories can be discovered. Both these 
approaches have too much affinities to the classical 
theory in leaving the representation problem out of 
consideration. In the present investigation the repre-
sentation problem is taken into account by working 
with algebraic states or related quantities. In so doing 
we develop a method of treating the quantization of 
abelian and nonabelian gauge theories which, apart 
f rom the problem of existence for the whole theory, 
is completely exact, i.e., without any approximation. 

With respect to a more detailed explanation and 
motivation for the algebraic method pursuit in this 
paper we refer to the introduction of the paper on 
quantum electrodynamics where these topics are ex-
tensively discussed. 

2. Classical nonabelian gauge theory 

We proceed in complete analogy to QED. We adopt 
the metric gß\ = diag( 1, — 1, — 1, — 1) with xM = (t, r) 
and = (A°a,Aa) in accordance with I. We take into 
account the coupling of the nonabelian gauge field to 
fermions. The Lagrangian of this system reads 

£ = + - (i) 

with 

= d,Al - a v A l - gfahcA\Ac
v. (2) 

The canonical conjugate momenta are 

8 JC 
K '•= ^ ik = Fok = ~Ek > A; = 1,2,3, (3) 

We formulate the field equations resulting from the 
Lagrangian formalism in terms of canonically conju-
gate variables. In this form the classical field equa-
tions are 

dtEa = V x Ba+gfabc(A°bEc +Ab x Bc) - j a , (5) 

dtAa = -Ea-X7A°a-gfabcAbA°c. 

The constraints are 

V-Ea+gfabcAb-Ec=j°a, (6) 

Ba = V x Aa + ^gfabc(Ab x Ac) 

with „ 

3a := $7"Latl>)g, (7) 

and the fermion equations are 

( i ^ d ^ + i ^ i g A ^ L a - m ) ^ = 0. (8) 

+ i g A ^ L a ) ^ Y + mip = 0. 

The notation is standard and can be found elsewhere 
[36], 
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In temporal gauge A® = 0 and with use of super-
spinors these equat ions go over into 

Ea = V x Ba + gfabdAb x Be) - j a , 

Aa = -Ea, (9) 

# = -(iakdk-ßm)iP-gi
0~fkAa

kLa(j32p.m 

If we observe that Fl
a

k = —elkjBJ
a, equat ions (9) can 

be rewritten as 

Aa ~ ^ a i 

E \ = ~ ( d k & a c + g f a b c A k
b ) F c

k l - f a (11) 

= (5fr5ac + gfabcAk
b) 

• ( d a i - d r A ' + g U M t A ^ - j l 

by 
The Hamil tonian belonging to this system is given 

H = l- j d\[Ea
kEa

k + Ba
kBa

k] 

+ J d3rip+ ( - a - D + mß^ip 

(12) 

if formulated in terms of con juga te variables. In this 
case H shows a dependence on A0 fo r .4° ^ 0, but it 
can be demonstra ted that the A{) = 0 gauge is possible 
[36]. If one tries to derive the field equat ions by the 
canonical Hamil ton formal i sm one obtains only equa-
tions (9), (10), but not the Gauß law (6). As in Q E D , 
this is caused by the fact that the Hamil tonian (12) 
still admits residual gauge t ransformat ions [36] with 
uj = uj(r) € Co°(IR3) . These gauge t ransformat ions 
are given by 

- T A'a 

2 a k 

T pra 

-U(u)LaAa
kU~\uo) 

--[dkU(Lj)]U-\uj), 
9 

= U(cü)LaEa
kU~\u), 

iP'(r) = e x p | - - L 0 w a } ^(r) 

=: U (uj)ip(r). 

(14) 

(15) 

and leave (12) invariant. As will be discussed in more 
detail in section 3 the Gauß law is the infinitesimal 
generator of the residual gauge t ransformat ions (14), 
(14), (16) of homotopy class zero [36]. In order to fur-
ther investigate its mean ing we decompose the fields 

into transversal and longitudinal parts 

Aa
k = A l k + A l k - E a

k = E « k + E l k . (16) 

We observe that for the transversal fields the relations 
hold, and f rom these relat ions it 

fo l lows 

V-EZ+gfabcAb-Ec=j°a. (17) 

The corresponding Hamil ton operator can be written 
as 

H = 
1 

d 3 r [ ElkElk + Ba
kB a r>a (18) 

+ - / d \ E l k E l k 

+ I d V ^ l j f t • V + mß^jip 

+ l-J d3rgip+a • La (A* + A") ip. 

It was demonstrated in I that by suitable gauge trans-
format ion for abelian theories, i.e. quan tum electrody-
namics, this Hamil tonian can be t ransformed into the 
Cou lomb gauge Hamiltonian. In this way the Gauß 
constraint can be resolved on the classical level and 
the redundant variables can be el iminated. If one tries 
to extend this method to nonabelian theories one gets 
into difficulties. For brevity we give only the result 
of the corresponding nonabelian gauge t ransforma-
tions. By means of these t ransformations fo r t = 0 the 
Hamil tonian (18) goes over into 

(13) H = - d 3 r [ £ ? - £ ? + ß a - ß a l 
/A°=o (19) 

=o j J 0 > , 0 ) C ( r - r V o V , 0 ) d 3 r d 3 r ' / A « s 

+ J d3r?/ '+ Q a • V + mß + X-gotLa • A t
a

r^ ip 

with C(r) := | r | _ 1 . Hence by the second term the 
C o u l o m b forces explicitly appear in the theory. It 
should be emphasized, however, that the appearance 
of C o u l o m b forces in the nonabelian theory only for-
mally establishes an analogy to quantum electrody-
namics. Namely in contrast to quantum electrody-
namics the nonabelian charge densities 0) them-
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selves contain the longitudinal fields, since in tempo-
ral gauge Jq (r, 0) is given by 

Jo = -gfabcAbkd0Ac
k+gi>La~f0ilj 

= gfabcAbkEc
k+g^La^0iJj. 

(20) 

Therefore, apart f rom the explicit manifestation of 
the Coulomb forces, for the explicit solution of the 
classical theory nothing is gained, i.e. it is not possible 
to remove the superfluous variables f rom the theory. 

It would be a real progress if one were able to 
resolve the nonlinear Gauß law (17) with respect to 
the longitudinal electric field E a

t . But it is supposed 
that even if one succeeds to do so this would lead to 
chaos in the classical theory [37]. It is the aim of this 
paper to demonstrate that these difficulties can only be 
circumvented by an appropriate algebraic treatment of 
the corresponding quantized theory. 

3. Nonabel ian field quantization 

In analogy to the abelian case we start with the 
temporal gauge Aft = 0. The commutation relations 
of the nonabelian fields are then given by 

Aa
k(rt),Ea

k:(r',t) = —i6aa'bkk'b(r — r')(21) 

while for the fermion fields we stipulate 

J + 

= (Cj°)aa>al
AA,S(r-iJ)bßß', 

(22) 

where the indices ß and ß', respectively, refer to the 
fermion nonabelian representation. All other commu-
tation or ant icommutat ion relations vanish. Like in 
quantum electrodynamics it is our aim to incorpo-
rate the nonabelian Gauß law (6) into the dynamics. 
But as we shall see, it is not possible to achieve this 
incorporation by a gauge transformation. Neverthe-
less, the gauge transformations are a valuable tool for 
analyzing the nonabelian theory. 

We consider residual gauge transformations of ho-
motopy class zero of the nonabelian field in the linear 
state space of the theory to be given by U = U^U? 
with 

(23) UB := exp < —i / ua(r)ra(A,E)d*r 

with 

and 

ra(A,E) := ( V 8 a c + g f a b c A b ) E c 

Up := exp ( r ) j > ) d 3 r 

(24) 

(25) 

where ja{r) is defined by (7). Homotopy classes un-
equal zero are omitted, as corresponding theta-angles 
unequal zero are not allowed to appear [38]. 

If gauge transformations are to be implemented in a 
linear space, they are to be subjected to the correspon-
dence principle as any other transformation. That this 
principle is satisfied can be seen by direct calculation. 
One obtains with (23) - (25) 

X-LaAa = l-ULaAaU 

1 

(26) 

-U(uj)LaAaU~\uo) 

- - [ W M ] U~l(u), 
9 

L a E a = ULaEaU-=U(.u)LaEaU~\uj),(21) 

= Uip(r)U~l = U(co)ip(r). (28) 

Due to these formulas one can directly verify the 
gauge invariance of H against the residual gauge 
transformations U = UBUF, i.e. we have 

H' = UHU~] = H (29) 

or [ i f , U]_ = 0 . Thus H and U must have common 
eigenstates. 

However, as finite transformations U explicitly de-
pend on the gauge funct ions ua(r), they are not suited 
for the definition and calculation of common eigen-
states. This problem is solved by considering only 
infinitesimal transformations which can be character-
ized by infinitesimal generators. For U = UBUf these 
generators are given by 

Ga{rA) := ra(A,E) — j®(r, t) 

and it fol lows f rom (29) that also 

[ f f , G 0 ( r , < ] _ = 0 , a = l ... 

(30) 

(31) 
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must hold. Hence instead of U the set {G a } , a = 
1 , . . . , 8 can be used to characterize the eigenstates of 
the theory. 

These generators fullfill the commutation relations 
[36], [22] 

[Ga(r,t),Gb(r',t)]_ = -ifabcGc(r, t)6(r - r'),(32) 

[Ga(r,t),H]_ = 0. (33) 

This means that not all generators can simultaneously 
be diagonalized. Rather only a maximal set of com-
muting generators have simultaneous eigenstates and 
good quantum numbers, and these states and quan-
tum numbers are compatible with the eigenstates of 
H , as all generators commute with H . But due to the 
invariance of H against all gauge transformations, all 
these transformations are compatible with the dynam-
ics even if they do not possess common eigenstates. 
In addition, due to the gauge principle, for a subset 
of eigenstates one can indeed obtain common eigen-
states for all generators, as can be concluded from the 
following argument. 

According to the gauge principle all observable 
quantities have to be gauge invariant. If one extends 
this condition to the state space of a quantum theory, 
the states |a) must be invariant under gauge trans-
formations, i.e., among all possible representations 
of the gauge group only singlett states are physically 
meaningful. 

A singlett state is invariant under all group opera-
tions. This can be expressed by 

Ga(r , Ok)«ngi. = 0 , a = 1, 8 (34) 

and means that in this special case the set of equations 
is compatible. 

For the successful application of the algebraic for-
malism the gauge transformations U = UßUF have 
to be further specified. In particular the gauge trans-
formations have to be represented by unitary group 
operations [39]. The unitary implementation of U is 
guaranteed if the infinitesimal generators are hermi-
tian operators. The latter property can be achieved by 
a suitable representation of the field operators which 
itself guarantees the hermiticity of these operators. 
This hermitian representation of field operators is well 
known from quantum electrodynamics and holds be-
yond perturbation theory. It can be transferred to non-
abelian fields without essential modification. Hence 
for the following we assume the field operators in 

Ga(r,t) to be hermitian operators with the conse-
quence that the Ga(r. t) themselves become hermitian 
operators and U becomes unitarily implemented. 

4. Nonabelian quantum field dynamics 

For a more detailed discussion of the algebraic ap-
proach we refer to I and [40]. Here we repeat only 
some essentials. 

The basis of the algebraic evaluation of quantum 
field dynamics is given by the Heisenberg relation for 
eigenstates (0| and |a) of H 

AE(0\0\a) = (0 | [0 , H]_ |a), (35) 

where O is any element of the field operator algebra. 
This relation is only applicable to the genuine dynam-
ical equations, but not to the constraints. In particular 
if we work in temporal gauge with the Gauß law as 
constraint, we have to show that neverthless the Gauß 
law can be included into this formalism. 

Following previous investigations the algebra ele-
ments O can be chosen as monomials of field opera-
tors in order to describe the dynamics of the quantized 
fields. In our case these monomials are given by 

O := A (fa, ... tl>In)t S (BKl ... BKm)t , (36) 
n, m = 0 , 1 , . . . oo, 

where are superspinors and BK are superfields, 
ip := B := {Aa,Ea}. The monomials (36) 
serve as algebraic basis elements for the construction 
of the GNS-basis states, and the projections of the 
basis states on a physical state vector ja) are integrated 
into a generating functional state. This functional state 
is defined by 

(37) 
n,m 

• S (BKi ... BKm) I a ) j / , ... jIn bK] ... bKm | 0 ) F , 

where j i and bk are the functional source operators 
for fermions or bosons, respectively. 

In this formal description the field equations (9), 
(10) and (11) read 

ij>i = Djrtr+WfrBKffo, (38) 

IBK = LKK.BK,+M$K>BKlBK2 (39) 

+V^k^BK]BK2BK3 + j K . M r 
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and the Hamil tonian (12) is given by 

+ -jCK\KLKK2BK^BK2 

+ m k 2 h 3 B A'i B A"2 Bi<3 (40) 

+ 7 Ca, K VK 2 h 3 h 4 BK2 Bkt, BJU , 

where we applied the fol lowing definit ions 

Di v := -(iakdk-ßm)aa, 

• Ö A A ' S A A ' S C - / ) , 

AA' 

• Sirj8(r — r ' )8 ( r - z), 

L K K ' := i8 J J ' 5 a a /8 r ; i82 7 7 ' 8 (z - z ' ) 

+ ibjji ö a a '87,2817,' 

(41) 

(42) 

(43) 

M £ | A ' 2 
-«0 87,28177,8,^ (44) 

8 ( z - Z 2 ) ^ , 8 ( Z - Z , ) 

0-2^332 ~ Zl 

- / a a , a 2 8 j , j 2 8 ( z - Z l ) 3 ^ 8 ( z - Z2)} 
sym( 1,2) 

T/A", A2A3 ._ 
A' 827,817,1 817,2 817,^ faa 1 b fb 

J f v (Cik)a(x'(j\x„ (La)X"x' Z AA' 

• ~ zi)8(z - Z2)8(Z - Z3) 
sym(l ,2,3) 

(46) 

• 8(z - r)8(z - r')827, 

:= 8 a 1 (La)AA> 81 a' +bx2(Lt
a) AA, 82A<47) 

AA' 

Au> := ( C t ^ ^ a ^ - O ^ ' , (48) 

Ca-A" := - 8 ^ ^ 8 a a ' 8 ( z - z ' ) (49) 

and where the indices I and K mean 

/ := r, a , A, A; K :=z,j,a,rj (50) 

nonabel ian group index, rj = \ = vector potential, 77 = 
2 = color electric field. 

In this fo rm, by means of (35), (36), (37) the field 
equat ions (38), (39) can be mapped into funct ional 
space. We employ two theorems describing the rear-
rangement of unsymmetr ica l monomia l s of field oper-
ators into series of symmetr ica l monomia l s for boson 
operators and ant isymmetr ica l ones for fermion oper-
ators and which are expressed in terms of generating 
funct ional states. These theorems are formulated in I 
and we do not explicit ly repeat them, rather we refer 
to I and the proofs given in the papers cited there. 

These theorems directly allow the mapping of (35) 
for all monomia l s O into funct ionals space. In so 
doing we obtain for any (0\(ÖH)\a) and (0\(H())\a) 
a project ion and if the set of O is comple te this is 
equivalent to the funct ional equation 

H l b - f r W - i A j 

-Hi -db+l-Cb, -df+l-Aj 1 i 2 1 2 

(51) 

•\G) = AE\Ö), 

where H = H(B, ip) in accordance with (40). 

This kind of t ransformat ion of Hilbert space equa-
tions into funct ional equat ions can be equally well 
applied to the Gau ß constraint (6). 

In our formal descript ion the classical nonabel ian 
a2a3 (45) Gauß law reads 

GL(B,iP) := NjzBK + SZlK2BKiBKl 

>L 

with 

N 

nL 

Rhh 

+ R^IiiPIliPh=0 

800,87,, 8(r - n ) 

(52) 

(53) 

:= ~9 aa\a2^3\3 2 8j,^8(r — r i ) 

8(r - r2)8Vl i SV22 
sym( A', A2) 

» f (C ,7°)Q la2C ri,A2(-^a) 2 AXA2 

8(r - ri )8(r - r2). 

with r = position, a = spinor index, A = superspinor In quan tum ch romodynamics the Gauß law is weakly 
index, A = 1 = spinor, A = 2 = charge conjuga ted implemented by GL(B,ip)\a) = 0 for all physical 
spinor, and z = position, j = vector index, A,a = states |a) in accordance with Equat ions (34). 
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In the algebraic version this weak condit ion is pro-
jected on the GNS-bas i s states, which leads to the set 
of equat ions 

• ..il>in)S(BK] ... BKm)GL(B,il>)\a) = 0 
(54) 

for n , m = 0 , 1 . . . oo. 
For these project ions the fol lowing theorem holds: 

Proposition 1: For unitary gauge t ransformat ions U 
and gauge invariant states |a) the images of the Gauß 
constraints (34) in the functional space are given by 
the equat ions 

i U/ i 
GL I - - C 6 , -dJ - -Aj ] \Q) = 0, V L, (55) 

and 

(S\GL [l-:db - ^Cb,-^1 - l-Aj ) =0, (56) 

where (S\ is the funct ional left solution 

00 ̂  jn jm 
(S(J, b, a)| := ——y^nm^l •••In,K 1 . - . A m ) 

-F(0\db
K]...db

Kj{...df
In (57) 

and \Q) is defined by (37). 

Proof: With definition (36) we use the symbol ic no-
tation |ejv) := O + m | 0 ) for the GNS-s ta tes in Hilbert 
space. Then the states |a) can be represented by 

(58) 

where |eA ) is the dual of je^v), i.e., ( e N | e w ) = 8 A 
M-

Substi tution of the dual representat ion of |a) into 
equat ions (34) and projection with ( e ^ l yields 

J2(eM\GL\eN)rN=0. (59) 

Due to Proposit ion 2 of I this is equivalently expressed 
in funct ional space by equat ions (55). 

For the derivation of (56) we consider the ma-
trix e lements (a\GL\eN). For unitary U the gener-
ators GL must be hermitian. Hence it is ( a | G L | e A ) = 

(GLa\eN) = 0 for singlett states. With (58) this can 
be expressed by 

J 2 ( e M \ G V ) ( ^ Y = 0 (60) 

M 

and if mapped in funct ional space one obtains (56). 

Proposition 2: For unitary gauge t ransformations U 
and gauge invariant states |a) , in addition to Eqs. (55), 
(56) also equat ions 

GL ( l ^ + i c b ^ + ' - A j ) | £ ) = 0 , V L ( 6 1 ) 

have to be s imultaneously fulfilled. 

Proof: Due to the hermiticity of GL we have 

(0\GLOnrn\a) = (GL0\Onm\a) = 0 (62) 

as (0| is gauge invariant. Application of proposit ion 
1 of I to ( 0 \ G L C ) n r n \ a ) yields equation (61) in func-
tional space. 0 

With respect to the left solutions proposit ion 2 is 
incomplete . We postpone the proof that also for (61) 
left solutions must exist until we explicitly evaluate 
equat ions (55), (56) and (61). 

The basic variables in functional space are the 
fermionic sources j j and the bosonic sources bk-
Together with their duals d\ and db

K the fol lowing 
nontrivial relations hold. 

J i A 

dK' > b K 

= 5 / / ' , 
= 

(63) 

while all other commuta tors or ant icommutators , re-
spectively, vanish. The generating funct ionals (37) 

r 

are embedded in a funct ional Fock space, i.e. d \ |0)F = 
c ^ | 0 ) f = V / , A'. With respect to the fol lowing dis-
cussion it should be emphasized that this functional 
Fock space is only a book-keeping device and lacks 
any physical meaning. In particular this funct ional 
Fock space does not fix the field representations in 
various Hilbert spaces f rom the outset, because these 
representat ions are expressed by the matrix e lements 
( 0 | 0 | a ) or ( 0 | 0 | 0 ) themselves which are in no way 
inf luenced by this auxiliary Fock space. The only task 
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of this Fock space is to allow a compac t formulat ion 
of the field dynamics governed by the field algebra. 

From equat ions (51) and (55) it is obvious that not 
the sources j and b and their duals themselves are 
the variables of the funct iona l Hamil ton and Gauß 
operators. Rather these operators exclusively depend 
on "Bogo l jubov" t rans formed funct ional variables, 
which of course are also only book-keeping devices! 
For these new variables the fo l lowing nontrivial rela-
tions hold 

- d b
K - l ~ C K L b L 

l L 

- CKK' II? 

~db
K + ^CKLbL 

i 1 

= —CKK' II-

- \Mj3J 
i 2 

= —Au' II, 

ia{ + l-Aujj 
i 2 

= A,,, U 

l a t , •Ck'V^V (64) 

~db
K, + -CK'v 

i 2 bL-

1 - J * A -dJ
r - - A r j . j j , (65) 

1 -\f 2 4 + - A i ' j ' j j ' 

while all other commuta to r s or an t icommuta tors van-
ish. 

We notice that in Hilbert space the quantizat ion 
condi t ions (21), (22) can be rewrit ten in terms of the 
formal fields BK and tpj which leads to 

= An' 

[BK, BK>]_ = CAA'H 

(66) 

introduce a slightly modif ied version. This was dis-
cussed in detail in I and we do not repeat it here, but 
refer to I. We define the new variables 

A compar ison wi th (65), (66) shows that the "Bo-
go l jubov" t ransforms of j j and bx obey isomorphic 
commuta t ion or an t i commuta t ion relations to their 
corresponding or iginal fields, i.e., their inverse im-
ages in Hilbert space. F rom this it fol lows immedi -
ately that the images of H and G in funct ional space 
obey the same commuta t i on rules as their inverse im-
ages in Hilbert space, see Proposi t ion 3 in I. 

5. I somorphism of fields a n d sources 

In this section w e study the consequences of the 
new funct ional variables in t roduced in the preceding 
section. Al though these combina t ions fol low directly 
f rom the rearrangement theorems, it is convenient to 

Yla(r) := dlair)-l-bf^r)=-.Yx
K, 

1 

(67) 

c 

and 

Y f A r ) : = ^a(r)+
l-b^a(r)=:Y2, 

(68) 

$[,A(T) := jda,A(.r)+-(C1°)aßfcA(r)=:d2
I, 

Z2
aA(r) := -(Cj°)aßdc

ßtA(r)+ ^ja,A(r)=: Z j . 
i 1 

They obey the commuta t ion or an t icommuta t ion re-
lations 

[YKiXK']- ~ &KK', 

Z } 7 d = 8//', 
L J + 

zj,d], = 8//' 

(69) 

while all other commuta to r s or ant icommutator , re-
spectively, vanish. The renormal ized energy eigen-
value equation (51) in funct ional space then reads 
explicitly in these new variables 

( - 1 V 
-Y~Yla(r)Yla(r) (70) 

i - \ y l 
€jhedhX}a(r) + -ejMgfabcXl

hb(r)Xl
tc(r) 

tjh'i' dh> X}, a ( f ) + ~ ejh> e> gfab' c'Xl
h, b, (r)X\, c, (r) 

+ 9X}a(r)ZUr)<pLa
ABd0B(r) 

- Zl
aA(r)(iakdk - ßm)aßdßA(r) l d 3 r | £ ) = AE\Q) 

and the Gau ß constraints (55) and (61) are given by 
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• d k Y L ( r ) + igfabcX}b(r)Y;c(r) 

Zl
aA(r)La

ABdl
aB(r) 

(71) 

| S ) = 0 . 

A compar i son with the Hamil tonian (40) in Hilbert 
space shows that the Hilbert space variables A are 
replaced by X l

K , X % t the Zi-fields are replaced by 
Y 2 , whi le Z\dl correspond to ip c , i j j . The dou-

bling of the degrees of f r e edom is no fai lure of the the-
ory, because Xl

K, X2
K and so forth result by a canoni-

cal t ransformat ion f r o m the original source operators 
j A , d A and so forth, and this canonical t ransformat ion 
is b iunique. In addit ion, the fact that two Hamil tonians 
occur in equat ion (70) indicates that the Heisenberg 
equat ion (35) is expressed in funct ional space and 
not the eigenvalue equat ion for H itself. Neverthe-
less, in the fo l lowing we will show that this similarity 
of the funct ional equat ion to Hamil tonian eigenvalue 
equat ions allows a derivation of C o u l o m b forces in 
temporal gauge. 

We observe that in the commuta t ion or an t i commu-
tation relat ions (69) the sequence of the i = 2 variables 
is reversed in compar i son with the 2 = 1 variables. In 
compar ison with the conventional commuta t ion rela-
tions in Fock space this di f ference enforces a different 
interpretation of the i = 2 variables compared to the 
i = 1 variables. In order to clearly ident i fy the mean-
ing of the various variables in the fo l lowing we use 
the notat ion 

4 ••= Yk 

••= X l 

XK :- XK. (72) 

x i V, K 

which expresses the d i f ference be tween these pairs 
of variables. However, the change of notat ion is not 
sufficient for a proper t reatment of our t ransforma-
tion problem. Rather, together with this introduction 
of a new notation it is necessary to change the co-
ordinate sys tem in funct iona l space in order to work 
successful ly with the new variables. 

It was shown in I that the t ransformat ions (67), (68) 
have to be supplied by the introduction of a new func-
tional vacuum. If w e denote the t ransformed func-
tional vacuum by |0)p the operators d K := Y ^ and 

- V2 

means 

a * | o ) f = ( a ? - ^ ) IO)F = O, (73) 

= 7 ( 4 - ^ | ) | 0 ) f = 0 (74) 

and analogous condit ions fo r the fe rmion operators. 
In the case of nonabel ian fields the new vacuum |0)p 
is related to the original func t iona l vacuum state |0)p 
by the t ransformat ion 

|0)p = exp <j v- bfa(r)bfa(r)d'r (75) 

+ \ j J a A ( . r ) ( C l X ß j ß A ( r ) d 3 r } |0)F . 

In the fol lowing we assume \Q) to be expressed in 
this t ransformed Fock basis and solve equat ions (70), 
(71) under this condition. In a first step we rewrite the 
eigenvalue equat ion (70) and the constraints in the 
new variables. We define 

ft, : = 

ejhldhk\a(r) + ^jh£gfabcX]
hb(r)Xl(r) 

€jh'e'dh'M'a(r)+2€3h't'9fab'c'Xlb,(r)Xl,c,(r) 

- ZlA(r)(iakdk - ßm)aßdßA(r) IdV 

and 

X-X]a{r)X]air) 

-2 1 -2 ~2 
ejhedhdea(r) + -ejh£gfabcdhb(r)dec(r) 

-2 1 -2 -2 

(77) 

9^a(r)Z2
aA(r)a^La

ABd2
0B(r) 

dK := XK should act as annihilat ion operators. This + z2
aA(r)(iakdk - ßm)aßd2

0A(r) l d 3 r 



H. Stumpf and W. Pfister • Algebraic Schrödinger Representation of QCD 229 

and thus f r o m (70) we obtain the eigenvalue equation 

Qtx-H2)\G) = AE\G) (78) 

while the Gau ß constraints (71) go over into 

* 3 * 3 l f l ( r ) - » < / / a 6 c ^ j 6 ( r ) 3 ] e ( r ) + p i ( r ) ] | 0 ) = O , (79) 

idkX2
ka(r)-igfabcd]b(r)X2

c(r)-p2 (r)] | £ ) = 0 , (80) 

P & ) := g Z ^ L ^ d ^ r ) . (81) 

We observe that due to the t ransformat ion (75) and 
the cor responding commuta t ion relat ions for the new 
variables, the operators Xl

K, Z) are creation Opera-
n t j 

tors, whi le d K : d j are annihi lat ion operators. Hence 
we have the relat ions 

dr EE - w 
3/ = (Z}) 

i = 1 ,2 (82) 

and (78), (79), (80) can be writ ten in the fol lowing 
fo rm 

Hi ( ( x i r , x \ { z i y , z i ) 

- H2 ( ( X 2 ) + , X 2 , ( Z 2 ) + , Z 2 ) ] IQ) = AE\G), (83) 

a(r)+-igfabcX}b(r)X}c(r)+
+pl(r)] \Q) = 0 , ( 8 4 ) 

( r ) — i g f a b c X j b ( r ) + X 2
c ( r ) — p 2

a ( r ) ] | 0 ) =0. (85) 

From these equat ions it fo l lows that in (83) - (85) the 
two sets of variables i = 1 ,2 are strictly separated and 
that in addit ion the Fock vacuum |0)p can be repre-
sented by |0)p = |0)p <g> |0)p, i.e. the direct product of 
the vacua for the two sets of variables. In accordance 
with these propert ies we can in t roduce the ansatz 

\G) = \G)X ®\G)2, (86) 

where the states \G)\ i = 1 , 2 are referred to the 
corresponding subspaces of the whole Fock space. 
These states then have to sat isfy the equat ions 

HX\G)X = EX\G)\ H2\G)2 = E2\G)2, (87) 

[idkXl
ka(r)+ - igfabcX]b(r)X}c(r)+ + p\(r)} (88) 

• i e ) ' = o , 
[idkX2

ka(r) - igfabcX2
b(r)+X2

c(r) - p2
a(r)] (89) 

• l £ ) 2 = o. 

Hence in the fol lowing we have to evaluate Eqs. (87) -
(90). As in these equat ions absolute energy values 
appear we consider the whole system enclosed in a fi-
nite volume V. Af te rwards we remove this restriction 
and per form the limit V —> oo. We consider the cases 
i = 1 ,2 separatly and later on combine the results. 

We first show that it is not necessary to treat the 
case i = 2 explicitly. Once the i = 1 case is solved 
the results can immedia te ly be taken over to the i = 2 
case. For this case the corresponding equat ions are 

H2\G)2 = E2\G)2, (90) 

[idkX2
ka(r) - igfabcX2

b(r)+X2
c(r) - p2

a(r)] \G)2=0. 

By proposit ion 2 the exis tence of (90) and their 
right solutions is secured, provided the cor responding 
states |a) in Hilbert space exist. But in contrast to 
proposit ion 1 no s tatement about the left solut ions 
was made. The explicit f o rm of the equat ions given 
above al lows to solve this problem. 

Proposition 3: Equat ions (90) possess left solutions. 

Proof: If left solutions 2(<S| of equat ions (90) exist, 
they have to fulfill the equat ions 
2(S\H2 = 2(S\E2, (91) 

2 ( S | [tikX2
ka(r) - igfabcX2

b(r)+X2
c(r) - p\(r)] = 0 . 

By hermitian conjugat ion in funct ional space we ob-
tain f rom (91) 

H\\S)2 = E2\S)2, (92) 

[idkXka(r)+ — igfabcX2
b(r)X2

C(r)++p2 ( r )+ ] 15)2 = 0. 

From (77), (82) and (89) it fo l lows that (92) are 
analogous to the corresponding equat ions for the i = 1 
case if one replaces i = 1 by i = 2. This means that 
(92) are i somorphic to the corresponding equat ions 
for and that by substi tution X1 —• X2 the state 

can be mapped upon |»S)2. Hence |<S)2 exists in 
accordance with proposi t ion 1. As in funct iona l space 
hermitian conjugat ion is well defined, it fo l lows f r o m 
the existence of (92) that also (91) exists. <C> 

Thus in the fol lowing w e concentrate on the treat-
ment of the i = 1 case. In particular the Gau ß con-
straints ( 8 9 ) r e a d 

(93) 
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The divergence operation in (93) acts on the 
functional variables and simultaneously on fields in 
Hilbert space as a projection operator which anni-
hilates the transversal parts of dak(r). For a proper 
treatment of (93) we thus have to decompose all 
vector variables in their longitudinal and transversal 
branches. This decomposition for functional variables 
can be performed in the same way as in function space 
and we obtain 

-1 -1 £l,t 
dK = (Pe + Pt)dK :=dK 

Xl
K = (Pe + Pt)Xl

K:=X 
K > 

1 ._ vM , \rl,t 
K ' yK + A A ' 

(94) 

with Pe and Pt projectors in function space. With 
this decomposit ion the commutat ion relations (69) 
are transformed into 

a M - I i 
°K > XK> 

V ' * ~ l ,t 

= iPl^KK', 

= iPt&KK' 

and (93) goes over into 

idkda,k(r) - igfabcXb,k(r)dc\k(r) 

(95) 

(96) 

(97) 

i ,t 
~ igfabcXl,k(r)dc]k(r) + pa(r)\\Q) = 0. 

Simultaneously with this operator decomposition the 
functional Fock space representation of \Q) in the new 
variables Xx

K, X ^ , etc., can be rewritten in terms of 
longitudinal and transversal operators. 

6. Resolution of the Gauß constraint 

In the preceding section we demonstrated that in 
the new variables (67), (68) the functional equation 
(51) for the renormalized energy can be decomposed 
into two independent energy equations (87) and cor-
responding Gauß constraints (89), (90). Furthermore, 
it was shown that it suffices to treat the 2 = 1 case 
explicitly, while the i = 2 case can be treated along 
the same lines, i.e., the results of the i = 1 case can be 
taken over for the i - 2 case. Hence in the following 
we concentrate on the i = 1 case. 

The variables of the i = 1 case are given by (67). 
With respect to these variables we have the following 

correspondence: The classical A-fields correspond to 
X [

K variables, while classical ZT-fields correspond to 
Yf[ variables. This correspondence leads to the func-
tional Hamiltonian H\ given in (76). With the decom-
position (94) we obtain 

j Sj«(r)Sj0(r)d3r = J 3 ^ ( r ) S ^ ( r ) d 3 r (98) 

l ,t M 
^ ( r ) a j a ( r ) d J r 

and thus 7i\ admits the representation 

1 f o 
= J ^ak(r)dak(r)d'r 

• l ,t 

(99) 

where the first term represents the longitudinal part 
of the color electric energy, while the second term 

does not contain d anymore, i.e., is independent of 
the color electric field. Thus we can proceed in anal-
ogy to quantum electrodynamics; i.e., the first term of 
(99) has to be transformed into the color electric non-
abelian "Coulomb" law, where of course we expect 
drastic modifications compared to quantum electro-
dynamics. 

As the first step we evaluate the nonabelian Gauß 
-.r-N 1 

constraint (93). We substitute d a k ( r ) = o k o a ( r ) into 
(97) and after multiplication with this yields 

jdl(r) + gfabc±- j C(r,r')X6
1
)J(r')a;'a;(r')d3r' 

+ ^ l C ( r , r ' ) / 9 ^ ( r ' ) d v | l^/)1 = 0 (100) 

with 

-1 ,t 
Plir) := gfabcXb,j(r$cj(r) + ip\(r). 

We rewrite equation (100) in the form 

1 

(101) 

(102) 5ac5(r - r') + g—fabcC(r.r')Xiy)d 

•dl(r')d3r'\gy=-±- j C(rS)p\(r')d\'\GY 

and in order to resolve this local Gauß law we have 
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to construct the resolvent of the operator 

KaJrS) : = 5 a c 5 ( r - r ' ) (103) 

+ g—fabcC{ry)Xiy)d] 

In accordance with our preceding discussion the 
X j have to be cons idered as creation operators in 
func t iona l ( t ransformed) Fock space. Thus the in-
verse of (103) has to be const ructed in this space. 
However , it has to be observed that the resolution of 
the G a u ß constraint is in tended at the el imination of 
the longi tudinal branch. Hence the representation of 
the resolvent has to be restricted to the longitudinal 
subspace of the X 1 -Fock space. A s on the other hand 
X ) can be d e c o m p o s e d into 

~ i - v ' ^ x Y M (104) X\ =Xi'* + X}' 

this means that fo r the resolvent calculation X}'* plays 
the role of an "ex te rna l" parameter . 

We observe that due to the commutat iv i ty of the 
new variables Z\ the corresponding func-
tional Fock space basis can be represented by 

Hh)x := 

L m 

n 

( ^ f i o y 

(105) 

© (z})r\oy 
L r 

where | 0 ) ' F is the Fock v a c u u m of the longitudinal 
t f branch, | 0 ) ' F that of the transversal branch, and |0) F 

represents the fe rmion ic func t iona l Fock vacuum. 

Proposition 4: A representat ion of |Q) x in the new 
variables Xx

K,Z) is given by 

or 

l e ) 1 = X • • • • • • xk'ioy'f 
j 

(108) 

where |{?£(A'i . . . Kh))f,e is a funct ional state in the 
fermion variables and the longi tudinal branch, whi le 
\Gj (K\ • • • K j ) ) f , t is a funct ional state in the fe rmion 
variables and the transversal branch. These states are 
invariant under applicat ion of Pt or Pon \Gl

h) or \Gj), 
respectively. 

Proof: As the t ransformed funct ional space is again 
a Fock space, equat ion (106) is the most general 
representation of l ^ ) 1 in this space. D u e to | 0 ) ' F = 
|0 ) ' F <g> |0) 'p we write (106) in the equivalent f o rm 

l ^ ) 1 = E • • • • • • I 0 ) ' p -

(109) 

Using the propert ies of the project ion operators 
which act on the coordinate A'Q , we obtain 

\G)l=Tt—:\Qm(Kl...Km)y L—' ml m 
m 

• l [ ( p i + p ' a ) \ v K r . . x U o y 
a= 1 

E-m 
— \Gm{KX...Km)Y TT? I 

(110) 

m n 
a=l 

or equivalently 

K ) ' + N , x l |0>' 

ie>' = E n\ ra! 
;9r 

j tu 
Ah... In, Ki... Kn) (106) \gy = T — - Y ] \gm(Kl...Km))f (111) z—' mi z—' 

•Z}l...Z'InX'Kl...Xt
KJ 0 ) ' F (p;<)2... (pt)2x<K, •••*}<joyl 

T h e representat ion (106) can be equivalently ex-
pressed by 

h 
(107) 

m i i . . . i m 

• ( p ; i ) r K i . . . ( p t ) x i < j o y 

.Km)Y 

with ia = 1 , 2 = £, t. In the second part of (111) the 
squares of the project ion operators were resolved in 
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favor of a symmetr ic application on A'1 and | ( / m ) . T h i s We apply the ansatz = X\T). Subst i tut ion into 
step can be explicit ly verified in coordinate space or (118) gives 
by Fourier t ransformat ion. Due to (105) a rearrange-
ment in the )Xj<;n variables leads to (107) or 
(108), respectively. Fur thermore , as (P l

a ) 2 = Pn
Q the 

invariance property can verified. 0 

These representat ions of \Q)1 al low a s tepwise con-
struction of the resolvent for (103) in the various sub-
spaces. We write (102) in the fo rm 

1 

4 tT 
8 a c 8 ( r - r ' ) + g-^fabcC(r,r')Xx

bf(r')d] (112) 

+ 9^fabcC(r,r')Xx
bf (r ')d r- | d l

c ( r ' ) d V | £ ) 1 

= ~ J C{r,r')p\(r')d\'\Gy 

and replace it by the symbol ic notat ion 

(i + o, +o2)d\gy= o3\g)x. 

First we resolve this equat ion formally. 

Proposition 5: With respect to d\Q)x = da {r)\Q)x 

equat ion (113) is equivalent to equat ion 

d\g)x = (i + nt
2olylnt

2o3\gy, c i i4> 

where 1Z2 is the right inverse of ( 1 + 0 2 ) in the transver-
sal Fock subspace of (105). 

Proof: We first show that (113) fo l lows f r o m (114). 
Then we prove the reverse. 
i) We mult iply (114) by (1 + TVjO{) and obtain 

or 

d\gy =nt
2o3\gy - i ^ o x d \ g y . 

Multipl icat ion by (1 + 02) yields 

(\ + o2)d\gy =o3\gy-oxd\gy 

i.e. Equat ion (113). 
ii) We general ize (113) to 

(l +ö2 + ö\)d\g)x = 03\T). 

(\+02)X\T) = 03\T) - Ö\X\T). (119) 

= n \ Y one obtains 

Y \ T ) = ü 3 \ f ) - O i n t
2 Y \ T ) 

or 

(\+öxKt
2)Y\T)=ö3\T). 

(120) 

(121) 

For Y = (1 + 0]nt
2yx03 Eq. (121) leads to the 

identity 03\T) = 03\T). This means 

d\g)x = 1 1 ^ 1 + 0 ^ ) ' ' 0 3 \ T ) ( 1 2 2 ) 

fulfills (118). By definit ion 0 \ is an operator in the 
longitudinal subspace. Hence [1Z2,01] _ = 0 . There-

(113) fore IZ2 (1 + O , ^ ) - 1 = ( l + C W ^ ) - 1 and with 

I T ) = \g)x it fo l lows (114). 0 

After the formal resolution of (113) by right-
inverses we directly construct these resolvents . For 
abbreviation we use the fo l lowing notat ion for the 
transversal Fock states 

bi bk 

Z\ .. • Zk 
hi hk 

bk bx 
Zk • .. Z\ 
hk h 

-\,t 

(124) 

(115) ^ e n d u e t 0 (§2) and (96) for these states the fo l lowing 
scalarproducts result 

(116) 

(117) 

01 ok 

Z\ ... Zk 
h\ hk 

d 1 dn 
U1 . . . Mn 

k\ kj 

d\ &A, 

= 8 m f c P ] T ^ ( « 1 Za,) 
A , . . . A m k\ h \ . 

DHUy 

(118) 

with 

Dl := 5 'db 8(w - v)bkh - d j fC( i« ,v)d) 

(125) 

Kn 
z\m) 
hxm 

(126) 
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Fur thermore it is P i X ] ^ t = X ] ^ . By means of these where the dot means omit t ing the corresponding co-
fo rmulas we can now express IZ^. ordinates. 

Proposition 6: The nonperturbative right-inverse of pWof: We define by the postulate 
the integral kernel 

K* (r , r1) := 
a c 

8 a c 8 ( r - r ' ) 

+ g^fabcC(r}r')Xl?(r')d] (127) 

is given by the resolvent integral kernel 

a c k,n 

/ a b i 
Rkn (r, zi 

hi 

a , 

• '< r , • 
l\ 

k!nl 

bk c a i 
• zk, r\ n 

hk 

an b i 
rn) \zi 
L h{ 

(128) 

bk 

Zk y 
hk 

dn 
rn 
f 

d z\ . . . d 2jtd 7*1 . . . d r r 

with 

Rkn = 0 if n > k + 1, A: = 0 , 1 

and the d iagonal term (k = 0 , 1 . . . oo) 

oo 

R kk 
abi bk c a\ ak 

r, z\ . . . Zk, r1, ri . . . rk 

hi hk t\ 4 
(129) 

b l «Ai ÖAfc 

= 8 a c 8 ( r - r ' ) P ^ D 4 (z, r A l ) . . . D l (zk rXk) . 
A ,...Afc /li ^A, ^fc 

T h e nondiagona l terms for n < k can be determined 
by the recurrence formula 

R kn 
a bi bk c ai an 

r , z\ • • • zk, r1, /*i . . . r n 

h i 4 4 
k 

(130) 

o 
s= 1 

c a j 
Zfc, r7 , r i 

[ Kl(r, r " ) n t
2 ( r " y ) d\" = ll' (r , r ' ) := (131) 

J a c c b ab 

i a i o.n 

£ - 8 ( r - r ' ) 8 a f t / | y , . . . yfc >< 
n ^ j l jfc 

a i a n 
4< j ' l ••• J n I d37/, . . . d 3 y n . 

j\ jn 

Let | J F ( r ) ) and |X>(r)) be two funct ional states in 
a a 

transversal Fock space of type (113). Then we study 
the inversion of the equat ion 

f Kl (r, r") | JF ( r " ) d 3 r " = | V i r ) ) . (132) 
J a c c a 

We substi tute the inversion 

\J~(r")) = f IZj ( r " , r ' ) | D ( r ' ) ) d V (133) 
c J c b b 

into (132) and obtain by (131) 

[ H t ( /* , r / ) | P ( r ' ) ) d V = | P ( r ) ) . (134) 
J a b b a 

Using (131) for the evaluat ion of the lef t -hand side of 

(134) and taking into account the invariance proper-

ties I V i r ) ) against transversal project ions, we obtain 
a 

|nf|P) = \V), i.e., the condit ion (133) is the res-
olution of (132), i.e., if by direct construct ion the 
postulate (131) can be fulfi l led, IZi, is the exact right 
inverse of Kt. 

For the explicit construct ion of we substitute 
(127) and (128) into (131) and project (131) f r o m 
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the left by 
dx 
u i . 
hx 
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with 
and f r o m the right by 

ex eq 
| vi ... vq Y . D u e t o ( 1 2 5 ) a l l s c a l a r p r o d u c t s c a n b e 

r x rq 
exactly evaluated. For m,q = 0, 1 . . . oo this leads to a 
system of equat ions for the determinat ion of Rkn. The 
exact resolution of this system can be formula ted by 
the relations given above. The nonperturbat ive evalu-
ation of this system is e lementary. For brevity we do 
not explicitly reproduce the cor responding lengthy 
formulas . 0 

To per form the next step we define in analogy to 
(123) the longitudinal branch by 

b i bk 

hx hk 

bk b\ 
£{ Zk . . . Zx 

hk h\ 

which yields the scalar product 

bx bk 

(136) 

d\ d 
(( ui . . . u 

kx k 
z\ ... Zk y 
h\ hk 

d\ aA, 
= 5 m k P Y . D £ ( U i Z a ' } •• 

A , . . . A m k x h \ 

(137) 

dm b\m 

D((um zxm) 
km h\ 

with 

/C(r , r / ) := 
a c 

Sac8(r -r') + g±-C(r r') X'lf(r')d] 
a c 

(139) 

C(r.r') := f H^ir, r") fdbcC(r" ,r')d?r" (140) 
a c J ad 

is given by 

M r , ' ) 

De :=8dbdU
kC(u,v)dV

h. (138) 

These formulas can be used in the fo l lowing theorem. 

Proposition 1: The nonperturbat ive right inverse of 
the integral kernel 

a c k,n 
k\n\ 

ab i bk c ax 
lZkn(r, zx ...Zk, rx . . . r n ) \z\ 

h\ hk i\ h\ 

(141) 

bk 

zk y 
hk 

a i an 
e(r\ ... rn | d 3 2 j . . . d 3 2 f c d 3 r i . . . d 3 r n 

t\ L 

with 

•)kn Rkn= 0 if n > fc + 1, fc = 0 , 1 . . . o o , 

a b\ bk c a\ ak 

(142) Rkk(r, zx . . . z k , r. rx ... rk) 
hx hk £\ 4 

b i aX] bk aXk 

= 8ac8(r - r ) P ^ De (Zx r A l ) . . . Dl (zk rXk) 
A , . . . A f c hi £Xl h k t \ k 

and the recurrence formula 

a b\ bk c a\ an Rkn (r, Zx ...Zk, r\ rx ... rn) 
hx hk lx 

b. 

(143) 

s = l 

c ( r Za) af;^-1' 
a b 

bk c ax 
Zk, r1, ri 
hk tx 

Proof: In contrast to the integral kernel (127) with 
the ordinary c-number C o u l o m b potential C(r, r'), in 
the present case the integral kernel (139) conta ins 
the operator valued generalized Cou lomb potent ial 
C(r,r'). In spite of this generalization the proof runs 
along the same lines as that of Proposit ion 3. 0 

By means of these proposi t ions an exact nonpertur-
bative and explicit expression of formula (114) can be 
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given which we will use in the following. We combine Proof: We apply dd(z) from the left to the Gauß law 
the results of the preceding propositions and obtain (112) and commute it with the functional Gauß oper-
for the right inverse of the integral kernel 

K ( r , r ' ) := 
a c 

the expression 

S a c 8 ( r - r ' ) 

ator, i.e. generator, so that dd(z) directly acts on \Q)1. 
Successive application of the resolvent (145) and sub-
sequent contraction by 8(r — z)5ad with integration 

(144) over r and z leads to (147). 0 

1 
47T' 

+ 9~rzfabcC(r, r')Xlj(r')dTj 

r') := (l+7^<9i) 11Z\ 
a c 

= I n(r r") H\{rn r') d\" 
^ ad d c 

and thus Eq. (114) can be written in the form 

Obviously the first term on the right-hand side of 
(147) plays the role of the nonabelian color elec-
tric Coulomb field energy, while the following terms 
stem from the commutators, i.e. they add to the color 
"Coulomb" forces specific quantum corrections. In 
this way we have realized our intention to exactly re-

(145) solve the Gauß constraint and to incorporate it into 
the quantum Hamilton operator. However, as can also 
be seen, in (147) the functional representatives of the 
A (-fields are still present. Thus, in a last step we have 
to eliminate these redundant variables. 

7. Effective functional energy equations 

We continue the discussion of the z = 1 case, be-

a 1 ^ ) ! ^ ) 1 = — [ 1Z(r r') C{r'r") (146) cause already at this stage the effective color Coulomb 
a 47t J forces can be identified. a c 

pl(r")d3r'd\"\gy. Proposition 9: The effective functional Hamiltonian 
7 f o r the i = l case resulting from the elimination 

In the next step we investigate the longitudinal color ^ D , • „ , , ,• , 
b r * • r , of the Gauß constraints and the longitudinal vector 

electnc energy in (99) by means ol this lormula. potentials is given by 
Proposition 8: The color electric energy in functional 
version applied to physical functional states \Q)X is -^eff ._ f d1'1 1 (r)d3r 
given by 2 J J a j a 

J f y W r f d l ( r ) d ' r \ g y = - 1 - yd-VdVdV 

(149) 

/ e]h(dhX^{r) + l-ejhegfabcXlt(r)Xl'\r) 

K(r,y) C(y,r')pp(r') 
a / 

(4tt)2 

K(z,x) C(x,r")p\{r") + TZ(r, y) gffbcC(y,r')5bd 

1 
€jh't' dh' X^t

a(r)+-€Jh't g fab' c' X j f b , (r)Xl/c, (r) 
•l ,t d r 

d e a f 

Zl
aA(r)(iakdk - ßm)aßdßA(r) 

~ gXlfa\r)ZlA(r)aißLa
ABdl

ßB(r) d r 

c e 
d3xd3r" (147) _ ' / d

3 r d V d 3 7 / d 3
2 S ( r - z ) b a d ^ A 

(4?r)2 

- ±-n<r,y) C(yy)ffbcSbdPy,z)dl]\r')\\Gy 
71 a f J 

with 

8 abPy,z):= d[(r'lXl
bj(z) (148) 

7 ^ ( r , y ) C (y , r ' )p jkr ' ) 7^ (z , x ) C(x,r")p°(r") 
a f de 

+ 7e«(r,jO gffbcCiy, r')SbdPj(r', z)(% 11*2 (r', x) 
a f c e 
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C O r V W ) 

1 

d 3 z d 3 r " subspace with respect to the whole funct ional Fock 
space of the system. 

We now consider the equat ion 

i { 0 \ H i \ G ) l = E l f ( 0 | ^ ) ' (155) 
71 a f J 

with n \ def ined by (128). 
and evaluate the various te rms separately. In doing so 

Proof: We use for the funct ional color electric energy w e concentra te only on the effects of the project ion 
the division (98) and substitute expression (147) into suppress ing all other details. We characterize equa-

symb the longitudinal part of (98). Fur thermore we substi-
tute Xl

K = X1K + X\f and (98) into the funct ional 
t ions in this symbol ic calculat ion by the sign = 
We observe R\x = 0 for \ > A and obtain for the 

Til := r .h . s . (147) + /ii ( d " ~ , X1'*, X l ' \ Z\3' 1(150) • i 7 " 

Hamil tonian (76). By means of these subst i tut ions we fi Q n ^ ri h t . h a n d s i d e o f ( 1 4 7 ) t h e b o l i c 

obtain f rom (76) and (99) e x p r e s s i o n 

p(0 | (1 . term r.h.s. ( 1 4 7 ) ) | £ ) ' (156) 

S Y = B Roo F ( 0 | (P' + P1*1-*) ( X ^ f | 0 ) < 

' Rx'n'iW ( d i y ' (P'+P1*14) 

• (Xl4)*\0)i\G«)x 

^ f i o o Ä P ^ o } 1 . 

For the second and the third term on the r ight-hand 
side of (147) one gets 

By compar ison of (150) with (76) and (99) it fo l lows 
that h\ admits a power series expansion in X1 ,e which 
we write symbolical ly as 

(151) 
u=0 

\ 1 £ 

with highest power four of X ^ . In the same way we 
obtain, due to (101), 

p ^ F + p x 1 v i,/ (152) a n d 3 " t e r m r h s " 
(157) 

a symbol ic expansion of p a ( r ) . We now apply 7i\ 
to \g)x and again expand \g)x with respect to the 
longitudinal Fock subspace. In symbol ic notat ion this 
leads to 

\gy = y £ ( x U £ r | 0 ) J ® \gK) (153) 

where the set of states ( l ^ ) 1 } conta ins all o ther de-
grees of f reedom of the system. In the same symbol ic 
way we represent 71 (r. r') in the longi tudinal Fock 

subspace by a c 

s y= b Roo F(0| ( • £ ' ' ' ) * |0)pÄA'x' p<0| ( 3 ) 

• (pO + p ' X ' - ' ) ( * ' • * ) " l O ^ l f t , ) ' 

- Roo p{0| ( X ' - O ' I O ) ^ ) 1 

s y = b RooRooAS«)' -Rm\G)'-

The term (151) yields 

j(oi hx\gy = eAo\h\(r>*Y(r>£)K\oyF\gKy(\5S) 

If we collect all terms the fol lowing expression results 
•M 

n = Y^(xu)x\oyFRXx
e
F(o\(d-)\ 

Ax 

(154) for equat ion (155) 

where the coefficient funct ionals {-RAx} a r e opera-
tors in the functional subspace of all o ther degrees 
of f reedom, i.e., the complement of the longi tudinal 

H o m e y * Rwp°Rmpu + RmRooPö (159) 

— Rm + /i? I g0y=E{\g0y. 



H. Stumpf and W. Pfister • Algebraic Schrödinger Representation of QCD 237 

The term RQQ is the expectation value of 1Z with and 
respect to the longitudinal Fock vacuum, i.e., we have 
the definition 

Roo := p(0|7£|0)p (160) 
i d j l + igfabcXUr)th(r) + p2

a(r)+ \ S)2 = 0. (163) 

£<0| f t (r ,r") |0 )£<g>7^(r 'V) d 3 r " . 
ad d c 

From (142) it follows 

e
F{0\ft(r,r") |0)p = 8arf8(r — r") 

a d 
(161) 

Comparison of (162) and (163) with (76) and (79) 
shows the complete structural analogy of the case 
i = 2 to the case i = 1. Hence we can completely take 
over the treatment of the case i = 1 to the case i = 2. 
This in particular means that propositions 5-10 can 
be applied to the resolution of (162) and (163). The 
result is an effective energy equation for |5q)2 

Hf+\So)2 = E2\SQ)Z, (164) 
and hence Roo = V}2. If we substitute this value into 
(159) and retranslate (159) from the symbolic notation w h e r e \ s 0 ) 2 is an energy eigenstate in functional space 
into the full notation we obtain the effective functional independent of the longitudinal branch, and the func-
Hamiltonian (149). 0 tional Hamiltonian 7 i f { + is given by the definition 

From this result it follows immediately that only 
the term |£o)' of (153) is needed for the eigenvalue 
calculation of (149). This can be formulated as fol- •= - -
lows: 

Proposition 10: With (150), (151) and (159) the en-
ergy eigenstate of W ^ is given by p(0|<?)1 = \Qq) 1 . 

This means: The longitudinal branch of the non-
abelian vector potential is not needed for the calcula-
tion of the energy eigenvalue. 

f ^ 
J oja(r)dja 

(r)d r (165) 

e3hidhX]f{r) + -ejhegfabcX2J(r)X2^(r) 

€jh>£' d/i' Xpl(r)+ - Cjh'i' g fab' c' X%fb, (r )X2'^., (r) 

J Z2
A(r)(iakdk - ßm)aßd2

ßA(r) 

- gXfa\r)Z2
aA(r)aißLa

ABd2
0B(r) 

d r 

The treatment of the i = 2 case was already outlined 
in section 5. In order to obtain quantitative analytic 
expressions we discuss this treatment in more detail. 
We start with equations (92), which due to (82) can — - / d 3 rd 3 r 'd 3?/d 3^8 (r — z)§ad(fcf" < -
be written in the form 2 J h h } (4tt)2 

d r 

/ -\d]a(r)d]a(r) (162) 
a f de 

+ y) gffbcC(y,r')dbdPj(r',zrfi%(r',x) 
a f c e 

l 
ejhedhX2

a(r) + -ejhlgfahcX2
hb{r)X2

lc{r) 

Cjh'£'dh'X2,a(r) + -€jh,t.gfaVc.Xl,b,(r)Xlc,(r) 

gX2
a(r)Z2

aA(r)aißLa
ABd2

ßB(r) 

+ Z2
aA(r)(iakdk - ßm)aßd2

ßA(r) l d 3 r | S ) 2 = E\S): 

C(xS')P°e(r") 

1 

d 3 x d V 

- — 7 ^ ( r , y ) C ( y } r ' ) f f b c d b d P y : z ) d l
c ^ r ' ) y 

77 a f ) 
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where V}2 and pa are given by 1Z2 and p°a if the i = 1 
variables are replaced by i = 2 variables. By hermit ian 
conjuga t ion (164) goes over into 

{s0\nf =2 (s0\e2. (166) 

We now assume that this equat ion also has a right-
hand side solution 

nfiGoV = E2\g0y 

and combine this equation with 

n f \ g 0 y =Ei\g0y 

result ing f rom proposit ion 7. With |£o) -
|£o)2 we then obtain 

( n f - n f ) \g0) = AE\g0) 

(167) 

(168) 

l^o)1 <S> 

(169) 

which is the genuine eigenvalue equation of quan tum 
ch romodynamics in temporal gauge where all redun-
dant variables are removed. In accordance with its 
derivation equation (169) is formulated in the trans-
fo rmed new variables. Due to (167), (168) this means 
that with respect to (169) this equat ion can only be 
solved in a finite volume in order to avoid infinite en-
ergies E\ and E2. Only in the original variables the 
transition to infinite volume can be performed. Hence 
we have to express (169) in these old variables in 
analogy to quantum electrodynamics . 

However , in contrast to quantum e lec t rodynamics 
the effect ive C o u l o m b forces in (149) and (165) are 
rather compl icated and need an additional detai led 
evaluation of the general formulas given in (149) and 
(165). But this would go beyond the present investi-
gation. Therefore , in a first step we take into account 
only the lowest order of 1Z2. It is given by 

7^2° 8 a c | 0 ) p 8(r — r') p (0 | . (170) 

Substi tut ion of 1Z2° and H ^ into (149) and (165) then 
leads to the fol lowing explicit fo rm of equat ion (169) 

\ - \ f 3'lV)3-lV)dV + i j x f a \ r ) x f a \ r ) d 3 r 

e]he<fhX\a(r)+ -tjhegfabcX 

tjh't x\;ta ir)+^€jh>(> g fab' c' X ^ , (r)Xl/c, (r) 

CjhttfiStlir) + ^Jhegfabcd^l
b(r)d^(r) 

1 \2,t s2,t 

-or ,t 1 -2,t s2,t 
ejhie,Jh,de,a(r) + -€jh>i>gfab'c'Oh,b,(r)dt,c,(r) d r 

Zl
aA(r)(iakdk - ßm)aßdl

ßA(r) (171) 

- gX^\r)ZUrK0La
ABdl

ßB(r) 

Z2
aA(r)(iakdk - ßm)aßd2

ßA(r) 

~ g^t(r)Z2
aA(rWQßLa

ABd2
ßB(r) 

d r 

d r 

+ ^ / [p ]a(r)C(r,r')p\{r') - p2
a(r)C(r,r')p2

a(r')} 

• d3rd3r'|0)p p (0| j|C?o) = AE\Go), 

where due to (170) the last two terms in (149) and 
(165) vanish. In addit ion the field parts of p n ) and p 2 0 

drop out; thus only p\ and p2
a remain. 

So we have obtained in the lowest order of 1Z2 the 
color C o u l o m b forces between quarks. But a com-
parison with the C o u l o m b forces in quantum electro-
dynamics which are contained in I (123) shows that 
even in this lowest order the color Cou lomb forces 
deviate by the projector |0)p F ' (0 | f rom the ordinary 
ones. This is a clear indication for the nonperturbative 
t reatment of this problem. 

The necessary retransformation of (171) to the 
original funct ional variables runs along the same lines 
as in quan tum electrodynamics . Hence for details we 
refer to I and give the final result directly. We obtain 
the fo l lowing equat ion f r o m (171) 

| i j bf;\r)Ard^(r)d'r + i j b^{r)d^{r)d\ 

+ ig J bf;\r)fabc[2dtb\r)fkdff(r) 

- dA
kb\r)^dA

kc(r) ~ \ b E
k b \ r ) ^ ; \ r ) 

j kc 
3„ d r 

- ig2 / b f ; \ r ) f a b c f c d e 

d r 
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- J ja\A(r)(iakdk - ßm)aßdßXA(r)d3r 

-id J dfä\r) jaXA(r)aJ
aßa3

xx, La
ABdßX> B(r) 

J b f a 

d r 

(r) A(r)(Cy)Kßa2
xx, La

ABdßy B(r) 

-jaXAirXY C)aßa"xx, La
ABjßX> ß ( r ) d V 

+ ^ / j«AA<r) 

(La)x3x> o\,xC(r,ri)8(ri - r2)S(r - r 3 ) 

AiA 

«üi Ai/li 

as(123) 

^A, X\ (C'70)a2Q^A2A'Ja\ \\ At (H ) 

• ja'^ A!, A2 (̂ *2 ̂ a ^ A3 .A3 (r3 ) d 3rdVid 3r2d"V3 

1 0 ) ^ ( 0 1 = (172) 

So far we have treated the algebraic formalism for 
quantum chromodynamics and the elimination of con-
straints without any reference to special representa-
tions which include the introduction of inner products 
and the emergence of representation-dependent effec-
tive functional Hamiltonians. In particular the latter 
are the only data obtainable for the formation of a time 
evolution, which then is representation-dependent and 
in this precise sense effective. It should be emphasized 
that this fact is a radical departure from the common 
treatment of quantum fields by perturbation theory, 
enforced by the algebraic concepts of representations 
of abstract operator algebras. This was already dis-
cussed in the introduction of I. How to introduce such 
representations and so forth into the representation-
free dynamical equation (172) is not the topic of this 
paper, but we refer to [40] where the general way of 
incorporation of special representations into quantum 
field functional theory was outlined. 

8. Conclusions 

Our treatment shows that nonabelian gauge theo-
ries are considerably more complicated than abelian 
gauge theories. Hence for nonabelian gauge theories 
an additional discussion is needed about the results 
obtained in the preceding sections. Like in quantum 

electrodynamics, also in the case of quantum chro-
modynamics we succeeded in deriving a functional 
energy equation (169) which allows a selfconsistent 
calculation of functional energy eigenstates depend-
ing only on the transversal branches of gauge field 
variables. Therefore, within the framework of alge-
braic quantum chromodynamics in temporal gauge it 
is possible to isolate a selfconsistent subsystem from 
the whole set of dynamical equations, of which the 
variables correspond to the Coulomb gauge variables. 
In quantum electrodynamics we were able to show the 
equivalence of this system to the algebraic equations 
in Coulomb gauge. As an exact classical evaluation 
of the Coulomb gauge Hamiltonian does not exist 
in chromodynamics, a derivation of the correspond-
ing functional energy equations cannot be performed 
and thus we cannot prove (169) to be the algebraic 
Coulomb gauge version of QCD. Nevertheless, due 
to the complete analogy of the derivation of isolated 
subsystems in both QED and QCD, we postulate that 
we have directly obtained the quantum version of the 
Coulomb gauge in chromodynamics. One characteris-
tic feature of Coulomb gauge in QED is the absence of 
constraints. This also holds for the system (169). With 
respect to the invariance conditions of physical states 
against gauge transformations, one therefore has to 
investigate whether such an invariance is guaranteed 
for the solutions of (169). In spite of the difficulties 
mentioned above, the Coulomb gauge is a frequently 
investigated gauge in QCD, for reviews see [2], [3]. 
The Coulomb gauge is defined by V • Aa = 0. With 
respect to local gauge transformation the Coulomb 
gauge in QCD means a complete gauge fixing, i.e. in 
Coulomb gauge no residual local gauge transforma-
tions remain (in contrast to QED). This can be seen 
by forming the divergence of an infinitesimal gauge 
transformation for Aa: 

A air, t)' = A air, t) + - Vw a ( r ) + fabcUb(r)Ac(r, t). 
9 

(173) 

One obtains for Au{r) = 0 (which is the gauge con-
dition of QED) 

V • Aair, t)' = fabcAc(r, t) • Vujb(r) (174) 

which for coa 4 ea is unequal zero. Hence any local 
gauge transformation destroys the gauge condition. 
Therefore, in Coulomb gauge no constraints result-
ing from local residual gauge transformations have to 
be imposed on the states. The only remaining gauge 
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t ransformat ions are global ones with u)a(r) = e a , 
which leave the Cou lomb gauge invariant. Thus the 
invariance against global gauge transformations is the 
only condit ion which has to be satisfied by the eigen-
states of (169). But this invariance condition can be 
directly incorporated into the set of eigensolutions of 
(169) by construction of irreducible one-dimensional 
representat ions of the global gauge group within this 
set. The solution of this problem is standard and thus 
will not be discussed here. Furthermore, the invari-
ance of the energy operator of (169) against global 
gauge transformation has to be proved in detail, but 
the success is secured since the Coulomb terms re-
sult f rom the global gauge invariant expression of the 
longitudinal color electric field energy. 

Summar iz ing our discussion we have obtained a 
funct ional energy equation (169), which fulfills all 
requirements of an algebraic version of quantum chro-
modynamics in Cou lomb gauge and which allows a 
selfconsistent calculation of funct ional algebraic en-
ergy eigenstates. The residual gauge invariance of 
states in this gauge is reduced to invariance against 
global gauge t ransformations, which can be guaran-
teed by standard methods of group theory. 
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